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1 Introduction

If K is a field with characteristic not dividing n and K ({/a)/K is a Galois extension of degree n, then we can
show that the Galois group Gal(K ({/a)/K) is isomorphic to Z/nZ as follows. Note that a K-automorphism
of K(/a) is uniquely determined by where it sends {/a, and that the Galois conjugates of {/a are the
roots {/a,(/a,..., " 1 {/a of 2™ — a, where ( is a primitive n*® root of unity. Since each of the maps
¥/a — ¢¥{/a is a K-automorphism, the Galois group consists of exactly these maps, and so is isomorphic to
the group of n *" roots of unity, which is itself isomorphic to Z/nZ, as it is generated by (.

A natural question is whether the converse of this is also true; if L/K is a Galois extension with Galois
group Z/nZ, does there exist some a € K such that L = K ({/a)? In general the answer is no, as demonstrated
by the following counterexample:

Let K = Q and L be the splitting field of p(x) = 2® — 7o + 7. This polynomial is irreducible by
Eisenstein’s criterion and visibly has three distinct real roots. Thus, since any splitting field of an irreducible
polynomial over a characteristic 0 field is a Galois extension of that field, L/K is Galois. Moreover, by simple
computation the discriminant of p(z) is 49, a rational square, so the Galois group is isomorphic to Z/3Z.
Now, since all the roots of p(z) are real, L C R. Suppose that L = Q({/a) for some a € Q. Then we must
take ¢/a to be the real cube root of a, whose Galois conjugates are /a,(/a,(?/a, where ( is a primitive
cube root of unity. In particular, ¢ is not real, and hence neither are the conjugates of /a. But L is Galois
(i.e. normal), so it must contain each root of the minimal polynomial of &a, which implies that L € R, a
contradiction.

Generalizing this example, we can find two explicit obstructions to our extension having this form. First,
if K has characteristic dividing n, then 2™ — a has at most one root in any extension of K, so K(¥/a)/K
cannot be separable. The other obstruction is more subtle: if K does not contain a primitive n ' root of
unity then K({/a)/K need not be a Galois extension of order n. However, we will be able to show that
these are the only obstructions, by proving the following theorem:

Theorem 1.1. Let L/K be a Galois extension with Galois group isomorphic to Z/nZ, and suppose K has
characteristic not dividing n and contains a primitive n*™ root of unity, then L = K(3/a) for some a € K.

2  Group Cohomology

We will need to build the tool of group cohomology in order to prove the main result. Given a group G,
a G-module is an abelian group A, equipped with a linear action by G. Similarly, a G-equivariant map
between G-modules A and B is a Z[G]-linear map, or equivalently a Z-linear map ¢ such that for any g € G,

g-p(x)=p(g- )

The category G-mod whose objects are G-modules and morphisms are given by G-equivariant maps is then
canonically isomorphic to Z[G]-mod, the category of (ring-theoretic) Z[G]-modules, and thus is an abelian
category with enough injectives (by exercise 2.3.5 of [1]). In light of this isomorphism, we will refer to
Z|G]-modules simply as G-modules.



Definition 2.1. If A is a G-module, then we can define a submodule
A ={acA:g-a=a foralgeG}
called the G-invariance of A.

In fact the map sending A — A% extends to a functor F' : G-mod — Ab, by sending a morphism
A : A — B to its restriction M| 4c. Note that for a € A% we have

g9-Ma) = Ag-a) = Ma)

0 A 4c is a morphism A% — B, Furthermore, as we will see shortly this functor is left exact, allowing us
to define its right derived functors, which give us a notion of group cohomology:

Proposition 2.2. The functor F is naturally isomorphic to the functor Homgg)(Z, —) : G-mod — Ab,
where Z is equipped with the trivial G-action.

Proof. For each Z[G]-module A, define
QYA : HomZ[G] (Z, A) — AG

by
wa(f) = f(1)

First, we must check that ¢4 is an isomorphism of abelian groups. It is well-defined, for if ¢ € G and
f € Homg(Z, A) then we have

g-ealf)=g-f1)=flg-1) = f(1) = palf)
as 7 is G-invariant by hypothesis, so pa(f) € A%. Moreover, @4 is certainly a homomorphism, for by
definition we have (f 4 h)(n) = f(n) + h(n) for all h € Homgg(Z,A) and all n € Z. Moreover, if
©a(f) = pal(g) then
f(n) =nf(1) =ng(1) = g(n)

so f = g, and hence ¢, is injective. Lastly, given a € A we can define f, : Z — A by

fa(n) =na

Clearly f, is a homomorphism of abelian groups, and furthermore if g € G then
fa(g : Tl) = fa(n) =na=g- (na) =g fa(n)

since a € A%, and thus na € A% as well. Hence f, is G-equivariant, that is, f, € Homgz ¢ (Z, A), and
moreover
pa(fa) = fa(l) =a
so we conclude that ¢4 is surjective. Therefore 4 is an isomorphism, as desired.
It remains to be shown that the maps ¢4, taken over all Z[G]-modules A, assemble into a natural
transformation ¢ : Homgg)(Z,—) = F. Fix Z[G]-modules A and B, and suppose A : A — B is a G-
equivariant homomorphism. We must verify that the following diagram commutes:

Homyg(Z, A) — Homyg(Z, B)

| Jes

G G
A I\ B

Let f € Homgg)(Z, A). Then
FApa(f) = FA(f(1)) = Af(1) = (A())(1) = @A (f)

so the diagram commutes. Therefore ¢ is a natural transformation, and since each of its components ¢ 4 is
an isomorphism we conclude that F' and Homgg)(Z, —) are naturally isomorphic. O



We obtain the following as an immediate corollary of proposition [2.2
Corollary 2.3. F is left exact.
Proof. F'is naturally isomorphic to Homg ¢ (Z, —), which is left exact. O

Thus F' has right derived functors, which we will denote by H*(G, —). Moreover, these derived functors
have the following concrete interpretation:

Corollary 2.4. For each G-module A we have
AG = Homz[g] (Z, A)

and 4 4

Proof. By definition F(A) = A%, and F is naturally isomorphic to Homg¢(Z, —) by proposition so the
first claim is automatic. Moreover, Extj ¢ (Z, —) are the right derived functors of Homyg)(Z, —), so for each
nonnegative ¢ we see that there is a natural isomorphism

HI(G7 _) = EthZ[G] (Z7 _)

In particular, evaluating each functor on a given G-module A proves the second claim. O

3 The Bar Resolution

Throughout this section, we fix a group G and a G-module A. In order to assist in the computation of group
cohomology, we will construct a cochain complex C*(G, A) of Z[G]-modules whose cohomology agrees with
the group cohomology H*(G, A), defined in section 2.

3.1 Construction of the Bar Resolution

First, we define G-modules F,, for each nonnegative integer n by

F, :é)Z[G] =Z[G)® - ® Z|G]

n—+1 times

where each tensor product is taken over Z. We further define an action of G on the simple tensors of F;, by

9-(90®g1 @ ®gn) =(990) ®QL ® - D gn
for all g, go, - .-, gn € G. Extending this map linearly to all of F,, turns it into a Z[G]-module.
Proposition 3.1. FEach F, is a free G-module, with a basis consisting of all simple tensors of the form
I1®g®--Qgn
where each g; € G.

Proof. For each nonnegative n, let M,, be the free G-module

M, = P z[G]

veEG™

and let e, be the basis element of M,, whose (g1, ..., gn) " coordinate is 1 if v = (g1, .., g,) and 0 otherwise.
We proceed by induction on n. If n = 0 then by definition

Fy = Z[G]



which trivially has the element 1 as a basis over Z[G], and we are done. Now, let k be a nonnegative integer
and suppose by induction that we have shown that Fy, is free over Z[G] with basis

{l®gi® - ®g: g €G}
Suppose further that n = k 4+ 1. On the one hand, we can define ¢ : M1 — Fj ® Z[G] by extending

w(e(gla-»~7gk+1)) = (1 R gk) ® Gr+1

linearly to all of My1. Conversely, for each r = ° ;aq9 € Z[G] (with each ay € Z and all but finitely
many equal to zero) we define ¢, : Fy, — M4, by extending

Pr(l1Rg® - @gr) = Z Ag€(g1,.-:9k.:9)
geG

linearly to all of Fj. Each ¢, is well-defined, for 1 ® g1 ® - - - ® gi form a basis.
Next, we define ® : Fj, x Z[G] — Myy1 by

O(z,7) = ¢r(2)

for each © € Fy, and r € Z[G]. This map is Z-linear in the first coordinate by construction, as each ¢, is
Z|G]-linear. On the other hand, if g,¢’,g; € G for i = 1,... k, then

Ggtrg (1@ g1 @+ @ gi) = €(g,....00,9) T €(g1,..00,9")
=121 @ @gr) +dg(12g1® - D gi)

so ®@ is Z-linear in the second coordinate as well, as the elements of G form a basis for Z[G] as a free abelian
group. Hence ® induces an abelian group homomorphism

p: Fr,® Z[G] — M4
We claim that ¢ and ¢ are inverses. If v = (g1, ..., grs1) € G then we have

op(ey) =p(1®91 @+ @ gr) @ grt1) = €

so ) is the identity on a basis for My 1, and is thus the identity. On the other hand, by the Z[G]-linearity
of 1 we have

Pp((go @91 @ -+ @ gr) ® grv1) = ¥(goes) = go(1® g1 @ @ gr) @ grt1)

which is precisely
(G0 ® g1 @ @ gr) ® Grt1

so Y is the identity on all elements of this form. But these generate Fj ® Z[G] as an abelian group, so we
conclude that by the Z-bilinearity of the tensor product that ¢ is the identity on Fj, ® Z[G]. Therefore
Fj. ® Z|G] and My, are isomorphic as G-modules, since ¢ is a G-module homomorphism. Additionally,
since Fj11 is naturally isomorphic to Fy, ® Z[G] by associativity, we conclude that Fji; is free over Z[G].
Finally, we note that

{1®g® - @ grt1:9i € G}

is a basis for F}1, since each such tensor is mapped to a basis element e,, of M1 by the natural isomorphism
followed by 1. O

Next, we wish to assemble the F,, into a free resolution F for Z (as before, equipped with the trivial
action by G). To do this, we first define the augmentation map aug : Fy = Z[G] — Z by

aug Zagg = Zag

geG geG



Clearly this is an abelian group homomorphism, as addition in Z[G] is defined coordinate-wise, so

aug Zagg—i—Zbgg = aug Z(ag—l—bg)g :Z(a9+b9)

geG geG geG geG

and

Z(ag—i—bg):z:ag—i—z:bg:aug Zagg + aug Zbgg

geG geG geG geG geG

Moreover, aug is G-equivariant: if g1, g2 € G then

g1-aug(g2) = g1 -1 =1=aug(g192)

since the action of G on Z is trivial, and aug is an abelian group homomorphism (so it suffices to show
G-equivariance for each g, as we have just done). Finally, aug is clearly a surjection, for if n € Z then

n € Z|G] as well, and thus aug(n) = n.

Taking aug to be our augmentation map F — Z, we must now establish the maps within the complex.
For each positive integer n we define the differentials d,, : F;, — F,,_1 on the basis elements of F}, by

n—1
G180 @) =g1@Qgnt Yy (1) RO Bggn @ Do+ (-1)" g ® - ®gn1
=1

for n > 2, and define d;(1 ® g) = g — 1. Extending these maps linearly to all of F, yields G-equivariant
homomorphisms, which we will subsequently show form a chain map on the F,,. While it is possible to show
this is a chain map by direct computation, it is easier to instead demonstrate an isomorphism with a simpler

complex.

For each n, define P, to be the free Z-module with basis {(go,...,9x) : g; € G} and coordinatewise

G-action
g-(90s---,9n) = (990, - - -, 99n)

Then we claim that the P, form a chain complex P, whose n*® differential is given by dy: P, — Py_q by

n

(g07 R 7gn) = Z(_l)l(g(L R 7.@727 s 7971)

i=0
where §; denotes deleting the i " term. This map is G-equivariant, since

n

du(g - (90 90)) = S (~1)"(9os- - - Giis- - - 99n)
=0

=g- 2(71)1(9077§2,agn)

i=0
=g- dn((QO’ s 7gn))
Then we see that it is in fact a chain map, since

dNﬂ—chn((goa cee 7gn)) = Z(il)szn—l((gov cee ,gia o ,gn))
i=0
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Now we construct an isomorphism v : F,, — P,, defined by

90 ® - ® gn > (90590915 ---+90 " Gn)
which is G-equivariant since
Y(g-(go @ ®gn)) =1%((990 @ @ gn))
= (990, 99091, ---,990 - 9n)

=9-(90,9091,---:90" " Gn)
=g-9((go®---@gn))

To see that this is an isomorphism, we construct its inverse ¢ : P, — F,, defined by

(G0 9n) — 90 ® (95 191) @+ @ (972 19n)

then we verify

Vp((gos-- - 9n)) = ¥(90 ® (gg '91) @ -+ ® (9, 1))
= (g0, 9090 ' 91,9090 ' 9191 " G2+ -+ 9090+ Gn—19p19n)
- (903"'7gn)

and

@¢(90®"'®gn) :W((go,gog1,...7g0~-~gn))
Zgo®(9619091)®--~®((90"~gn,1)—1go...gn)

Finally, we show that this isomorphism takes our proposed differential for F;, to the differential of P,.

n—1

Pda(go® -+ © ga) = g0 (@1 ® - D ga) + S (DD G+ @ gigin & - D ga) + (-1 8- - @ g_1))
i=1
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(=1)"(go @+ ® gigis1 @+ R gn) + (=1)"(go ® -+ ® gn—1)
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0
- n((!]o,goglw-ng"'gn))
=dnP(go ® - ® gn)

1

Thus the d,, form a chain map, and v is a chain isomorphism F — P.

In fact, the isomorphism above tells us more; it will allow us to show that the F is indeed a resolution
for Z. Let F* denote the augmented complex F <=8 7. Then since Fy = Z[G] = Py and 1)y is visibly the
identity on Z[G], taking P* to be the augmented complex P 218, Z shows that 1) extends to an isomorphism
F* — P*. We will leverage the structure of P* to show that it, and hence also F*, is exact.

For each positive integer n, define s, : P,_1 — P, by extending

Sn(QOv o mgnfl) = (LQOa cee 7gn71)



linearly to all of P,,_1, and define s : Z — Py by so(m) = m. We claim that the s,, form a chain contraction
of the identity map on P. Let (go,...,gn) € Pp. Then

n

51 (g0, - Gn) = 5n <Z(—1)i(g0, - ,g},...,gn)>

=0

n
= Z(—l)z(l,go, . ,gi, . ,gn)
=0

and on the other hand

dn+15n+1(g()a cee 7gn> = dn+1(1;907 cee agn)
= (_1)j(17903"'ngjv‘Hagn)
3=0

But each term of the second sum appears in the first one, except with the opposite sign, so we conclude that

(Sndn + Cin+15n+1)(g()7 o 7gn) = <_1)0(17907 o 7gn) = (905 e 7gn)

Therefore snzfn + Jn+15n+1 is the identity on P, for each positive n. Similarly, if n = 0 then we have

soaug(go) + d1s1(go) = so(1) + d1(1,90) =1+ go — 1 = go

and if n = —1 then
aug so(m) = aug(m) =m

so the s, form a chain contraction, as claimed. That is, the identity map on P* is null homotopic, which
implies that P* is split exact (see 1], exercise 1.4.3). Thus by the chain isomorphism ¢ : P* — F* we
conclude that F* is exact. Hence F is a free resolution for Z. (Note: we will subsequently omit indices when
there is no risk of ambiguity.)

Finally, we are ready to define the Bar resolution. Given the free resolution F for Z described above, we
can tensor with the contravariant functor Homg g (—, A). This yields a cochain complex

. (ﬁ HomZ[G] (FQ, A) (i HOIHZ[G] (Fl, A) (i HomZ[G] (FOa A) <0

which, as suggested at the beginning of this section, we will denote by C*(G, A). Since F is a free (i.e.
projective) resolution for Z, taking the i *" cohomology of C*® gives us

by the definition of Ext and corollary Thus the cohomology of C*(G, A) is the same as the group
cohomology H*(G, A), as desired.

3.2 Homology of the Bar Resolution

Why do we care specifically about the Bar resolution, as opposed to any other resolution for Z? The following
lemma will make explicit the potency of this particular complex.

Lemma 3.2. For each nonnegative integer n, there is an isomorphism A : C"(G, A) — W,, where W,
denotes the G-module of functions G* — A, equipped with the G-module structure induced by that of A; that

’ (9-1)(x) = g t(x)
and
(t+1)(x) =t(z) + l(x)

forallt,l €eW,, g€ G, and z € G™.



Proof. Fix n, and let f € C"(G, A) = Homgq(F,, A); that is, f is a homomorphism of G-modules F;, — A.
Then we define

A(f):G™ — A

Then A is an abelian group homomorphism, for if h € C™(G, A) then

Af+R)(g1,- - 90) = (F + ) (@) = f(2) + h(x) = A(f) (915 - gn) + A(B) (91 - - gn)

where =10 g1 ® - -- Q gp, and if g € G then

(g-ANg1s-- - 9n) =g f(@) = (g [)x) =Ag- )91,---.9n)

so A is Z[G]-linear.
To see that A is injective, we note that if

then by proposition 3.1 f and h agree on a basis for the free G-module F;,, and thus are equal. On the other
hand, if ¢ : G™ — A is a function then we can define f; € C™(G, A) by extending

ft(1®gl®®gn) :t(gla'”agn)

linearly (which is well-defined, since we have defined f; on a basis for F;, by proposition 3.1). By construction
we have

A(ft)(ghagn) = t(glvvgn)

so A(f:) =t, and hence A is surjective. Therefore A is an isomorphism of G-modules, as claimed. O

Using lemma we can turn the W, into a cochain complex W isomorphic to C*(G, A), by simply
taking the n** differential d’ : W,, — Wi41 to be

d = Ad"A~!

where d* is the n*® differential of C*(G, A). This will prove particularly useful for understanding the first
group cohomology H!(G, A), as we will see shortly. First, we make the following definitions:

Definition 3.3. A functiont: G — A is a crossed homomorphism if
t(g192) = g1 - t(g2) + t(g1)
for each g1,92 € G. Moreover, a crossed homomorphism t is generated by a € A if
tg)=g-a—a
Such a function is clearly a crossed homomorphism, for
t(g192) = (9192) a—a=g1-(92-a) —g1-a+g1-a—a=g1-t(g2) +t(g1)
If such an a exists then t is said to be a principal crossed homomorphism.

We then have the following theorem, which gives us a concrete perspective on the degree one cohomology
of W, and hence of the first group cohomology H! (G, A):

Theorem 3.4. The cocycles of W in degree one are precisely the crossed homomorphisms G — A, and the
coboundaries are precisely the principal crossed homomorphisms.



Proof. Let t : G — A be some element of W, and let f; = A=1(t) : F; — A. Then we have

d'(t) = (Ad")(fi) = A(fed)

so that
d'(t)(g1,92) = A(frd)(91,92) = frd(1 @ g1 ® ga)
But
dl®®g)=n®ep-10090p+1®g0)=9(1®g)-1®gg+1®g)
so we have

d(®)(g1,92) =91 [i(1®g2) — i1 ® g192) + fr(1 ® g1) = g1 - t(g2) — t(9192) + t(g1)

Now, ¢t is a cocycle if and only if d’'(¢) = 0, that is, if and only if

g1 -t(g2) —t(g192) +t(g1) = d'(t)(g1,92) = 0

for all g1, g2 € G. Rearranging terms yields

t(g192) = g1 - t(g2) + t(g1)

so we conclude that t is a cocycle if and only if ¢ is a crossed homomorphism.
Now, suppose [ : 1 — A is an element of Wy, and let hy = A~%(l) : Z|G] — A. Then we have

d'(l) = (Ad*)(hi) = A(ld)
so that
d'(1)(g) = AMd)(g) = lid(1® g) = hi(g — 1) = g - (1) — hy(1)

for each g € G. Thus, d’(1) is generated by hi(1) € A, so each coboundary is a principal crossed homomor-
phism. On the other hand, given a principal crossed homomorphism k : G — A generated by some ag € A,
define ko : 1 — A by ko(1) = ap. Then we have

Ail(k‘o)(l) = ko(l) = ag

so by the computation above
d'(ko)(9) = g - a0 — ao = k(g)
for all g € G, and thus k is a coboundary, completing the proof. O

Corollary 3.5. The first group cohomology H' (G, A) is isomorphic to the quotient of the crossed homomor-
phisms G — A by the principal crossed homomorphisms.

Proof. Immediate from theorem together with the isomorphism of cochain complexes W = C*(G, A)
and the proof above that . 4
H'(C*(G,A)) = H' (G, A)

O

As we will see in section 4, this interpretation of the first group cohomology is a powerful tool, which will
help us prove the main result. Finally, we have the following:

Corollary 3.6. If A is invariant under G (i.e. A® = A) then A is an isomorphism between H' (G, A) and
the group of homomorphisms G — A.

Proof. Let t : G — A be a crossed homomorphism, and let g1, g2 € G. Then we have

t(9192) = g1 - t(g2) +t(g1) = t(g1) + t(g2)



as t(go) is invariant under g1, and thus ¢ is a group homomorphism. The converse follows from an identical
argument, so we conclude that the group of crossed homomorphisms G — A is the same as Wy, the group
of homomorphisms G — A.
Similarly, if [ : G — A is a principal crossed homomorphism generated by a € A, then for each g € G we
have
llg)=g9g-a—a=a—a=0

as a is invariant under g, and thus the only principal crossed homomorphism G — A is the zero map. Hence,
by corollary we conclude that H' (G, A) = W) is isomorphic to the group of homomorphisms G — A via
A. O

3.3 Profinite Group Cohomology

It turns out that this definition of group cohomology is not well behaved for infinite groups. In general, this
deficiency is quite hard to fix, but in the case of profinite groups we can take motivation from infinite Galois
theory. If L/K is an algebraic Galois extension, then we can write its Galois group G = Gal(L/K) as an
inverse limit

G = lim Gal(M/K)
M

over all its finite Galois subextensions M /K. This makes G into a profinite group, and so it can then be
given the Krull topology: the coarsest topology making each of the maps G — Gal(M/K) continuous, where
Gal(M/K) is given the discrete topology. This topology then allows us to extend the Galois correspondence
to infinite extensions. Namely, if L/K is an algebraic Galois extension, then the usual bijection of the Galois
correspondence gives us a bijection between the subextensions of L/K and the closed subgroups of G. The
details of this can be found in the Infinite Galois Theory section of the Stacks Project [2]. We then want
to be able to define Galois cohomology—the cohomology of G-modules where G is the Galois group of an
algebraic extension—to reflect this profinite structure. The failure of standard group cohomology to respect
the profinite structure of G can be reduced to the fact that

H"(G, A) = lim H"(G/N, AN)
N

does not hold in general, where N ranges over all open normal subgroups of G. Motivated by this, we define
a modified group cohomology for profinite groups:

Definition 3.7. If G is a profinite group and A is a discrete G-module, then the continuous group cohomology
is given by

H"(G, A) = H*(C*(G, A))
where C'i(G, A) denotes the continuous homomorphisms F, — A, with F,, as in section 3.1.

Note that this turns out to be the right derived functor of our invariance functor F : A — A%, viewed as
a functor from a certain modified module category (see [3] for details). In particular, since this is a derived
functor we get the usual long exact sequence. More to the point, we get the property that motivated our
definition:

H"(G, A) = li; H"(G/N, AN)
N

where N ranges over all open normal subgroups of G. In the next section, as is customary in Galois theory,
we will refer to the continuous group cohomology simply as group cohomology and in the finite case ignore

topological details, as in that case the continuous cohomology coincides with the standard group cohomology
(i.e. finite groups are given the discrete topology).

4 The Kummer Sequence

Finally, we can apply the machinery of group cohomology to prove the main theorem. If L/K is a Galois
extension with Galois group G = Gal(L/K), then we have some natural examples of G-modules. Namely,

10



the additive group L and multiplicative group L* are both G-modules via the action o -z = o(z) for
o € G. Then K and K* have trivial G-action and so in particular are G-modules. Finally, we can define a
submodule of L* given by

pn(L) ={z € L* : 2" =1}

We note that p, (L) is closed under the action of G, since for any o € G and any = € p, (L),

so o(x) € pun(L), and thus p, (L) is a G-module.

We can now compute the invariance of each of these modules. Since our extension is not necessarily
finite, we need to use the infinite Galois correspondence (see [2], theorem 9.22.4) for this, viewing G with
the Krull topology. In particular, since G is closed in itself, L& = K, and since G acts on L* in the same
way, (L*)¢ = K*. Then, since the invariance of a submodule is just its intersection with the invariance of
the full module,

;U'n(L)G = pn(L) NK = pn(K)

Let K be a field containing a primitive root of unity, and n be an integer relatively prime to the charac-
teristic of K. If K is the separable closure of K (the largest separable subextension of an algebraic closure),
then K /K is Galois and we denote its Galois group by I'xc. Then, the I'r modules discussed above fit into
an exact sequence called the Kummer sequence

1o un(E) > K22 K 51
To see that this sequence is exact, first note that p, (K) is the kernel of the map x +— x™ by definition,

so all that remains to show is that this map is surjective. Consider any a € K. We wish to show that

the polynomial 2" — a has roots in K. Note that the formal derivative of the polynomial 2" — a is nz" !,

which is nonzero since the characteristic of K is relatively prime to n. Thus, the only root of na”tis 0,
which is not a root of ™ —a as a is nonzero, and hence 2" — a is separable. Since K is the separable closure
of K, all of the roots of ™ — a lie in K, as desired. Then, the long exact sequence on homology gives us

1= pn(K)'% = ()" = (™)' — 0Tk, pn(K)) = H (T, K )
We know all of the terms on the left
1= pn(K) = KX 2255 KX 5 0N (T, i (K)) = B (g K ) (1)

Next we will show that the rightmost term is 1, a result which is commonly referred to as Hilbert’s theorem
90. First, we show that this is the case when when L/K is any finite Galois extension.

Theorem 4.1. Let L/K be a finite Galois extension with Galois group G. Then
HY(G, L") =1

Proof. By corollary together with the fact that H*(G, —) = H*(G, —) when G is finite (see section 3.3),
it will suffice to show that every crossed homomorphism ¢ : G — L* is principal. To do this, we first set

a; = H t(7)
TEG

Since G is finite by hypothesis this is a well-defined element of L, and since each ¢(7) is nonzero so is a;. We
aim to show that ¢ is generated by a; ! Let 0 € G. Then we have

t(o)-olar) =t(o) -0 (H t(T)) =t(0)- [[ o(t(r)) (2)

TEG TEG

Moreover, since t is a crossed homomorphism, we have

t(or) = a(t(7))t(0)
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for each T € G, so rearranging terms gives us

Combining this with yields

t(o) - o(as) =t(o) - H Hor) = H t(oT) = at

where the last equality holds because 0G = G. Finally, since o is an automorphism we have o(a;)™! =
o(a;!), so we have
t(0) = o(ar)tay = o(ay ) (a; ")

completing the proof that ¢ is a principal crossed homomorphism generated by a; ! and therefore that
HY(G, L") =HYG,L*) =1
O

Miraculously, this, along with the following lemma, is all we need to prove Hilbert’s theorem 90, even
when K /K is infinite:

Lemma 4.2. Let G be a topological group, and let N < G be an open normal subgroup. Then G/N is a
discrete group.

Proof. Since N is open, by the definition of the quotient topology the subset {N} of G/N is open. Moreover,
G/N is a topological group, so {gN} is open for all g € G as translation by g is a homeomorphism. Thus
each singleton subset of G/N is open, so G/N is discrete. O

Corollary 4.3. The first group cohomology offX over I'i vanishes:

——X

H' (T, K )=1
Proof. As observed in section 3.3, we have

B (g, K7) =l B (g /N, (K)™) (3)
N

where N ranges over all open normal subgroups of I'x. Moreover, I' i is compact since it is profinite. This
follows from the fact that it the limit of the Galois groups of its finite subextensions, that is, I'x is a closed
subgroup of the product of discrete (and hence compact) groups. Thus each quotient I'xx /N by an open
normal subgroup N of I'k is compact, and since it is discrete by lemma [£.2] we conclude that it is finite.

Now, if N < Tk is an open normal subgroup then it is also closed by lemma [4.2] since it is the preimage
of the closed subset {N} C G/N. It follows from the infinite Galois correspondence that the fixed field Ly
of N in K is a Galois extension of K with

'k

Gal(Ly/K) = S+

Therefore we see from that ﬁl(F K,?X) is the direct limit of the group cohomologies of finite Galois
subextensions, which are each trivial by theorem That is, we have

H' (T, K) =lim1 =1

completing the proof of Hilbert’s theorem 90. O
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Next, we turn our attention to the homology H! (T, it (K) in the special case when u,, (K) is contained
in K. As noted above, the invariance un(IQFK is precisely the subgroup of roots of unity in the base field
K, so since ji,(K) € K we know that p,(K) is I'g-invariant. Furthermore, since the polynomial x™ — 1 is

separable K contains each of its roots, or in other words, p,(K) is a cyclic group of order n (generated by
any primitive n " root of unity). These two facts give us the following theorem:

Theorem 4.4. There is a surjection () : HY (T, pn(K)) = V, where V is the collection of Galois subexten-
sions L/ K lying in K such that
Gal(L/K) = Z/mZ

for some positive integer m dividing n.

Proof. Let U be the group of continuous homomorphisms I'sr — 1, (K). Since ju,,(K) is invariant under the
action of I'e, by corollary we see that H'(Dg, i, (K)) is isomorphic to 2 — we note that this corollary
still holds in the continuous case, simply by making each (resp. crossed, principal crossed) homomorphism
continuous. Thus, it will suffice to define a surjection Q' : U — V, then take © to be the precomposition of
Q' with the isomorphism A : I:II(I‘ i fn(K)) — U from corollary (again, making all appropriate maps
continuous).

Let f : I'x — un(K) be a continuous group homomorphism in U, and let Ky = K%/ be the fixed
field of ker f. We must first verify that K; € V. To see this, we observe that '/ ker f is isomorphic to
the subgroup im f of j, (K), so in particular is finite (i.e. equipped with the discrete topology). But f is
continuous and {0} C im f is closed, so ker f = f~1({0}) is closed in T'x, and since it is also normal we
conclude by the infinite Galois correspondence (as well as lemma 9.22.5 of [2]) that K;/K is Galois and

Gal(K/K) _ Ty

Callls /1K) = R i)~ kerf

Moreover, im f is a subgroup of u,(K), a cyclic group of order n, so Gal(K¢/K) = im f is a cyclic group
whose order divides n. Therefore Ky € V, so ' is well-defined.
It remains to be shown that € is a surjection. Let L € V, so that Gal(L/K) = Z/mZ for some positive

integer m dividing n. Additionally, let fr, : I'x — p,(K) be the composition

T -
T 5 =5 5 pn(K)
where N = Gal(K /L), w is the quotient ‘map, and ¢ is the inclusion map which sends a generator of
Gal(L/K) to an element of order m in 1, (/). We note that this N is indeed normal in I'x, as L/K is a
Galois subextension of K (so m exists), and pu,(K) contains an element of order m since m divides n (so
some embedding ¢ exists). Moreover, ¢ is injective and ker 7 = N, so we conclude that ker f = N. Therefore,

by the infinite Galois correspondence we have
Q(f)= KN =L
so ' is surjective, and thus so is Q = Q'A. O

Theorem [{.4] relates our cohomological framework to cyclic extensions of K, which will be essential when
proving the main theorem. To complete the proof of theorem we require one final result, which, in light
of corollary allows us to unwind the connecting morphism ¢ of the Kummer sequence in as a map

into the group of homomorphisms I'x — p, (K).

Theorem 4.5. Suppose p,(K) C K. Then for each a € K* the homomorphism A*(§(a)) : Tk — pn(K) is
given by

| o(¥a)
Va

where A* is the map on cohomology induced by the chain isomorphism A : CY(Tx, pun (K)) — Wy given in

lemmal3.4
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Proof. Let a € K*. By the snake lemma, in order to compute §(a) we must first pull @ back along the map
x — x™ to obtain an n*® root {/a of a in K. Under the natural isomorphism

K™ = Homyr, (Z[lk],K*) = C°(Tx, K )

the element {/a is carried to the G-module homomorphism f : Z[[x] — K = given by 1 — {/a. Next we
apply the differential d* to f, to obtain an element d*(f) = fd € C'(I'x, K ) with

o(¥/a)
W

fAdl®o) = flo—1) =o(f(1)f(1)" =
for all 0 € T'k. But by the snake lemma we have d(a) = d*(f), so

AG3(@))(0) = fd(1 @ o) = "(V"@

proving the desired result. O

Finally, we are equipped with the necessary tools to complete the proof of the main theorem:

Proof of Theorem[I.1 Let L/K be a Galois extension with Galois group isomorphic to Z/nZ, and suppose
K contains a primitive n ' root of unity. Letting K, I'rr, and j,, (K) be as above, we have an exact sequence

"

1= pin (K) = KX 2255 KX 5 0 (T, pn(K)) = 1 (4)

by Hilbert’s theorem 90 (corollary, together with the Kummer sequence . Moreover, taking Q : U — V
to be the surjection defined in theorem [4.4] noting that L € V by hypothesis, we see that there exists some
h € H' (T, u(K)) such that

Q(h) _ chrA(h) - L

But it follows from the exactness of that § is surjective, and hence that there is some a € K* satisfying
§(a) = h, so that L is the fixed field of N = ker A(6(a)). Finally, by theorem [4.5] we see that A(d(a)) is given

by
o(¥/a)
W

A(6(a))(0) =

so o € N if and only if

o(V/a) = Va
that is, if and only if o fixes the extension K ({/a). In other words, the fixed field K7 is given precisely by
adjoining an n*® root of a to K, so we conclude that

L=K"=K({/a)

completing the proof. O
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