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1 Introduction

If K is a field with characteristic not dividing n and K( n
√
a)/K is a Galois extension of degree n, then we can

show that the Galois group Gal(K( n
√
a)/K) is isomorphic to Z/nZ as follows. Note that a K-automorphism

of K( n
√
a) is uniquely determined by where it sends n

√
a, and that the Galois conjugates of n

√
a are the

roots n
√
a, ζ n
√
a, . . . , ζn−1 n

√
a of xn − a, where ζ is a primitive n th root of unity. Since each of the maps

n
√
a 7→ ζk n

√
a is a K-automorphism, the Galois group consists of exactly these maps, and so is isomorphic to

the group of n th roots of unity, which is itself isomorphic to Z/nZ, as it is generated by ζ.
A natural question is whether the converse of this is also true; if L/K is a Galois extension with Galois

group Z/nZ, does there exist some a ∈ K such that L = K( n
√
a)? In general the answer is no, as demonstrated

by the following counterexample:
Let K = Q and L be the splitting field of p(x) = x3 − 7x + 7. This polynomial is irreducible by

Eisenstein’s criterion and visibly has three distinct real roots. Thus, since any splitting field of an irreducible
polynomial over a characteristic 0 field is a Galois extension of that field, L/K is Galois. Moreover, by simple
computation the discriminant of p(x) is 49, a rational square, so the Galois group is isomorphic to Z/3Z.
Now, since all the roots of p(x) are real, L ⊆ R. Suppose that L = Q( 3

√
a) for some a ∈ Q. Then we must

take 3
√
a to be the real cube root of a, whose Galois conjugates are 3

√
a, ζ 3
√
a, ζ2 3
√
a, where ζ is a primitive

cube root of unity. In particular, ζ is not real, and hence neither are the conjugates of 3
√
a. But L is Galois

(i.e. normal), so it must contain each root of the minimal polynomial of 3
√
a, which implies that L 6⊆ R, a

contradiction.
Generalizing this example, we can find two explicit obstructions to our extension having this form. First,

if K has characteristic dividing n, then xn − a has at most one root in any extension of K, so K( n
√
a)/K

cannot be separable. The other obstruction is more subtle: if K does not contain a primitive n th root of
unity then K( n

√
a)/K need not be a Galois extension of order n. However, we will be able to show that

these are the only obstructions, by proving the following theorem:

Theorem 1.1. Let L/K be a Galois extension with Galois group isomorphic to Z/nZ, and suppose K has
characteristic not dividing n and contains a primitive n th root of unity, then L = K( n

√
a) for some a ∈ K.

2 Group Cohomology

We will need to build the tool of group cohomology in order to prove the main result. Given a group G,
a G-module is an abelian group A, equipped with a linear action by G. Similarly, a G-equivariant map
between G-modules A and B is a Z[G]-linear map, or equivalently a Z-linear map ϕ such that for any g ∈ G,

g · ϕ(x) = ϕ(g · x)

The category G-mod whose objects are G-modules and morphisms are given by G-equivariant maps is then
canonically isomorphic to Z[G]-mod, the category of (ring-theoretic) Z[G]-modules, and thus is an abelian
category with enough injectives (by exercise 2.3.5 of [1]). In light of this isomorphism, we will refer to
Z[G]-modules simply as G-modules.
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Definition 2.1. If A is a G-module, then we can define a submodule

AG = {a ∈ A : g · a = a for all g ∈ G}

called the G-invariance of A.

In fact the map sending A 7→ AG extends to a functor F : G-mod → Ab, by sending a morphism
λ : A→ B to its restriction λ|AG . Note that for a ∈ AG we have

g · λ(a) = λ(g · a) = λ(a)

so λ|AG is a morphism AG → BG. Furthermore, as we will see shortly this functor is left exact, allowing us
to define its right derived functors, which give us a notion of group cohomology :

Proposition 2.2. The functor F is naturally isomorphic to the functor HomZ[G](Z,−) : G-mod → Ab,
where Z is equipped with the trivial G-action.

Proof. For each Z[G]-module A, define

ϕA : HomZ[G](Z, A)→ AG

by
ϕA(f) = f(1)

First, we must check that ϕA is an isomorphism of abelian groups. It is well-defined, for if g ∈ G and
f ∈ HomZ[G](Z, A) then we have

g · ϕA(f) = g · f(1) = f(g · 1) = f(1) = ϕA(f)

as Z is G-invariant by hypothesis, so ϕA(f) ∈ AG. Moreover, ϕA is certainly a homomorphism, for by
definition we have (f + h)(n) = f(n) + h(n) for all h ∈ HomZ[G](Z, A) and all n ∈ Z. Moreover, if
ϕA(f) = ϕA(g) then

f(n) = nf(1) = ng(1) = g(n)

so f = g, and hence ϕA is injective. Lastly, given a ∈ AG we can define fa : Z→ A by

fa(n) = na

Clearly fa is a homomorphism of abelian groups, and furthermore if g ∈ G then

fa(g · n) = fa(n) = na = g · (na) = g · fa(n)

since a ∈ AG, and thus na ∈ AG as well. Hence fa is G-equivariant, that is, fa ∈ HomZ[G](Z, A), and
moreover

ϕA(fa) = fa(1) = a

so we conclude that ϕA is surjective. Therefore ϕA is an isomorphism, as desired.
It remains to be shown that the maps ϕA, taken over all Z[G]-modules A, assemble into a natural

transformation ϕ : HomZ[G](Z,−) ⇒ F . Fix Z[G]-modules A and B, and suppose λ : A → B is a G-
equivariant homomorphism. We must verify that the following diagram commutes:

HomZ[G](Z, A) HomZ[G](Z, B)

AG BG

λ∗

ϕA

Fλ

ϕB

Let f ∈ HomZ[G](Z, A). Then

FλϕA(f) = Fλ(f(1)) = λf(1) = (λ∗(f))(1) = ϕBλ
∗(f)

so the diagram commutes. Therefore ϕ is a natural transformation, and since each of its components ϕA is
an isomorphism we conclude that F and HomZ[G](Z,−) are naturally isomorphic.
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We obtain the following as an immediate corollary of proposition 2.2:

Corollary 2.3. F is left exact.

Proof. F is naturally isomorphic to HomZ[G](Z,−), which is left exact.

Thus F has right derived functors, which we will denote by H•(G,−). Moreover, these derived functors
have the following concrete interpretation:

Corollary 2.4. For each G-module A we have

AG ∼= HomZ[G](Z, A)

and
Hi(G,A) ∼= ExtiZ[G](Z, A)

Proof. By definition F (A) = AG, and F is naturally isomorphic to HomZ[G](Z,−) by proposition 2.2, so the
first claim is automatic. Moreover, Ext•Z[G](Z,−) are the right derived functors of HomZ[G](Z,−), so for each
nonnegative i we see that there is a natural isomorphism

Hi(G,−) ∼= ExtiZ[G](Z,−)

In particular, evaluating each functor on a given G-module A proves the second claim.

3 The Bar Resolution

Throughout this section, we fix a group G and a G-module A. In order to assist in the computation of group
cohomology, we will construct a cochain complex C•(G,A) of Z[G]-modules whose cohomology agrees with
the group cohomology H•(G,A), defined in section 2.

3.1 Construction of the Bar Resolution

First, we define G-modules Fn for each nonnegative integer n by

Fn =

n⊗
i=0

Z[G] = Z[G]⊗ · · · ⊗ Z[G]︸ ︷︷ ︸
n+1 times

where each tensor product is taken over Z. We further define an action of G on the simple tensors of Fn by

g · (g0 ⊗ g1 ⊗ · · · ⊗ gn) = (gg0)⊗ g1 ⊗ · · · ⊗ gn

for all g, g0, . . . , gn ∈ G. Extending this map linearly to all of Fn turns it into a Z[G]-module.

Proposition 3.1. Each Fn is a free G-module, with a basis consisting of all simple tensors of the form

1⊗ g1 ⊗ · · · ⊗ gn

where each gi ∈ G.

Proof. For each nonnegative n, let Mn be the free G-module

Mn =
⊕
v∈Gn

Z[G]

and let ev be the basis element of Mn whose (g1, . . . , gn) th coordinate is 1 if v = (g1, . . . , gn) and 0 otherwise.
We proceed by induction on n. If n = 0 then by definition

F0 = Z[G]
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which trivially has the element 1 as a basis over Z[G], and we are done. Now, let k be a nonnegative integer
and suppose by induction that we have shown that Fk is free over Z[G] with basis

{1⊗ g1 ⊗ · · · ⊗ gk : gi ∈ G}

Suppose further that n = k + 1. On the one hand, we can define ψ : Mk+1 → Fk ⊗ Z[G] by extending

ψ(e(g1,...,gk+1)) = (1⊗ g1 ⊗ · · · ⊗ gk)⊗ gk+1

linearly to all of Mk+1. Conversely, for each r =
∑
g∈G agg ∈ Z[G] (with each ag ∈ Z and all but finitely

many equal to zero) we define φr : Fk →Mk+1 by extending

φr(1⊗ g1 ⊗ · · · ⊗ gk) =
∑
g∈G

age(g1,...,gk,g)

linearly to all of Fk. Each φr is well-defined, for 1⊗ g1 ⊗ · · · ⊗ gk form a basis.
Next, we define Φ : Fk × Z[G]→Mk+1 by

Φ(x, r) = φr(x)

for each x ∈ Fk and r ∈ Z[G]. This map is Z-linear in the first coordinate by construction, as each φr is
Z[G]-linear. On the other hand, if g, g′, gi ∈ G for i = 1, . . . , k, then

φg+g′(1⊗ g1 ⊗ · · · ⊗ gk) = e(g1,...,gk,g) + e(g1,...,gk,g′)

= φg(1⊗ g1 ⊗ · · · ⊗ gk) + φg′(1⊗ g1 ⊗ · · · ⊗ gk)

so Φ is Z-linear in the second coordinate as well, as the elements of G form a basis for Z[G] as a free abelian
group. Hence Φ induces an abelian group homomorphism

ϕ : Fk ⊗ Z[G]→Mk+1

We claim that ψ and ϕ are inverses. If v = (g1, . . . , gk+1) ∈ Gk+1 then we have

ϕψ(ev) = ϕ((1⊗ g1 ⊗ · · · ⊗ gk)⊗ gk+1) = ev

so ϕψ is the identity on a basis for Mk+1, and is thus the identity. On the other hand, by the Z[G]-linearity
of ψ we have

ψϕ((g0 ⊗ g1 ⊗ · · · ⊗ gk)⊗ gk+1) = ψ(g0ev) = g0((1⊗ g1 ⊗ · · · ⊗ gk)⊗ gk+1)

which is precisely
(g0 ⊗ g1 ⊗ · · · ⊗ gk)⊗ gk+1

so ψϕ is the identity on all elements of this form. But these generate Fk ⊗ Z[G] as an abelian group, so we
conclude that by the Z-bilinearity of the tensor product that ψϕ is the identity on Fk ⊗ Z[G]. Therefore
Fk ⊗ Z[G] and Mk+1 are isomorphic as G-modules, since ψ is a G-module homomorphism. Additionally,
since Fk+1 is naturally isomorphic to Fk ⊗ Z[G] by associativity, we conclude that Fk+1 is free over Z[G].
Finally, we note that

{1⊗ g1 ⊗ · · · ⊗ gk+1 : gi ∈ G}

is a basis for Fk+1, since each such tensor is mapped to a basis element ev of Mk+1 by the natural isomorphism
followed by ψ.

Next, we wish to assemble the Fn into a free resolution F for Z (as before, equipped with the trivial
action by G). To do this, we first define the augmentation map aug : F0 = Z[G]→ Z by

aug

Ñ∑
g∈G

agg

é
=
∑
g∈G

ag
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Clearly this is an abelian group homomorphism, as addition in Z[G] is defined coordinate-wise, so

aug

Ñ∑
g∈G

agg +
∑
g∈G

bgg

é
= aug

Ñ∑
g∈G

(ag + bg)g

é
=
∑
g∈G

(ag + bg)

and ∑
g∈G

(ag + bg) =
∑
g∈G

ag +
∑
g∈G

bg = aug

Ñ∑
g∈G

agg

é
+ aug

Ñ∑
g∈G

bgg

é
Moreover, aug is G-equivariant: if g1, g2 ∈ G then

g1 · aug(g2) = g1 · 1 = 1 = aug(g1g2)

since the action of G on Z is trivial, and aug is an abelian group homomorphism (so it suffices to show
G-equivariance for each g2, as we have just done). Finally, aug is clearly a surjection, for if n ∈ Z then
n ∈ Z[G] as well, and thus aug(n) = n.

Taking aug to be our augmentation map F → Z, we must now establish the maps within the complex.
For each positive integer n we define the differentials dn : Fn → Fn−1 on the basis elements of Fn by

dn(1⊗ g1 ⊗ · · · ⊗ gn) = g1 ⊗ · · · ⊗ gn +

n−1∑
i=1

(−1)i ⊗ g1 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gn + (−1)n ⊗ g1 ⊗ · · · ⊗ gn−1

for n ≥ 2, and define d1(1 ⊗ g) = g − 1. Extending these maps linearly to all of Fn yields G-equivariant
homomorphisms, which we will subsequently show form a chain map on the Fn. While it is possible to show
this is a chain map by direct computation, it is easier to instead demonstrate an isomorphism with a simpler
complex.

For each n, define Pn to be the free Z-module with basis {(g0, . . . , gn) : gi ∈ G} and coordinatewise
G-action

g · (g0, . . . , gn) = (gg0, . . . , ggn)

Then we claim that the Pn form a chain complex P, whose n th differential is given by d̃n : Pn → Pn−1 by

(g0, . . . , gn) 7→
n∑
i=0

(−1)i(g0, . . . , ĝi, . . . , gn)

where ĝi denotes deleting the i th term. This map is G-equivariant, since

d̃n(g · (g0, . . . , gn)) =

n∑
i=0

(−1)i(gg0, . . . , ĝgi, . . . , ggn)

= g ·
n∑
i=0

(−1)i(g0, . . . , ĝi, . . . , gn)

= g · d̃n((g0, . . . , gn))

Then we see that it is in fact a chain map, since

d̃n−1d̃n((g0, . . . , gn)) =

n∑
i=0

(−1)id̃n−1((g0, . . . , ĝi, . . . , gn))

=

n∑
i=1

i−1∑
j=0

(−1)i+j(g0, . . . , ĝj , . . . , ĝi, . . . , gn) +

n−1∑
i=0

n∑
j=i+1

(−1)i+j+1(g0, . . . , ĝi, . . . , ĝj , . . . , gn)

= 0
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Now we construct an isomorphism ψ : Fn → Pn defined by

g0 ⊗ · · · ⊗ gn 7→ (g0, g0g1, . . . , g0 · · · gn)

which is G-equivariant since

ψ(g · (g0 ⊗ · · · ⊗ gn)) = ψ((gg0 ⊗ · · · ⊗ gn))

= (gg0, gg0g1, . . . , gg0 · · · gn)

= g · (g0, g0g1, . . . , g0 · · · gn)

= g · ψ((g0 ⊗ · · · ⊗ gn))

To see that this is an isomorphism, we construct its inverse ϕ : Pn → Fn defined by

(g0, . . . , gn) 7→ g0 ⊗ (g−1
0 g1)⊗ · · · ⊗ (g−1

n−1gn)

then we verify

ψϕ((g0, . . . , gn)) = ψ(g0 ⊗ (g−1
0 g1)⊗ · · · ⊗ (g−1

n−1gn))

= (g0, g0g
−1
0 g1, g0g

−1
0 g1g

−1
1 g2, . . . , g0g

−1
0 · · · gn−1g

−1
n−1gn)

= (g0, . . . , gn)

and

ϕψ(g0 ⊗ · · · ⊗ gn) = ϕ((g0, g0g1, . . . , g0 · · · gn))

= g0 ⊗ (g−1
0 g0g1)⊗ · · · ⊗ ((g0 · · · gn−1)−1g0 · · · gn)

= g0 ⊗ · · · ⊗ gn

Finally, we show that this isomorphism takes our proposed differential for Fn to the differential of Pn.

ψdn(g0 ⊗ · · · ⊗ gn) = g0 · (ψ(g1 ⊗ · · · ⊗ gn) +

n−1∑
i=1

(−1)iψ(1⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gn) + (−1)nψ(1⊗ · · · ⊗ gn−1))

=

n−1∑
i=0

(−1)iψ(g0 ⊗ · · · ⊗ gigi+1 ⊗ · · · ⊗ gn) + (−1)nψ(g0 ⊗ · · · ⊗ gn−1)

=

n−1∑
i=0

(−1)i(g0, g0g1, . . . , g0 · · · gi−1, g0 · · · gi+1, . . . , g0 · · · gn) + (−1)n(g0, g0g1, . . . , g0 · · · gn−1)

=

n∑
i=0

(−1)i(g0, g0g1, . . . ,◊�g0 · · · gi, . . . , g0 · · · gn)

= d̃n((g0, g0g1, . . . , g0 · · · gn))

= d̃nψ(g0 ⊗ · · · ⊗ gn)

Thus the dn form a chain map, and ψ is a chain isomorphism F → P.
In fact, the isomorphism above tells us more; it will allow us to show that the F is indeed a resolution

for Z. Let F∗ denote the augmented complex F aug−−→ Z. Then since F0 = Z[G] = P0 and ψ0 is visibly the

identity on Z[G], taking P∗ to be the augmented complex P aug−−→ Z shows that ψ extends to an isomorphism
F∗ → P∗. We will leverage the structure of P∗ to show that it, and hence also F∗, is exact.

For each positive integer n, define sn : Pn−1 → Pn by extending

sn(g0, . . . , gn−1) = (1, g0, . . . , gn−1)
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linearly to all of Pn−1, and define s0 : Z→ P0 by s0(m) = m. We claim that the sn form a chain contraction
of the identity map on P. Let (g0, . . . , gn) ∈ Pn. Then

snd̃n(g0, . . . , gn) = sn

(
n∑
i=0

(−1)i(g0, . . . , ĝi, . . . , gn)

)

=

n∑
i=0

(−1)i(1, g0, . . . , ĝi, . . . , gn)

and on the other hand

d̃n+1sn+1(g0, . . . , gn) = d̃n+1(1, g0, . . . , gn)

=

n+1∑
j=0

(−1)j(1, g0, . . . , ĝj , . . . , gn)

But each term of the second sum appears in the first one, except with the opposite sign, so we conclude that

(snd̃n + d̃n+1sn+1)(g0, . . . , gn) = (−1)0(1̂, g0, . . . , gn) = (g0, . . . , gn)

Therefore snd̃n + d̃n+1sn+1 is the identity on Pn for each positive n. Similarly, if n = 0 then we have

s0 aug(g0) + d̃1s1(g0) = s0(1) + d̃1(1, g0) = 1 + g0 − 1 = g0

and if n = −1 then
aug s0(m) = aug(m) = m

so the sn form a chain contraction, as claimed. That is, the identity map on P∗ is null homotopic, which
implies that P∗ is split exact (see [1], exercise 1.4.3). Thus by the chain isomorphism ψ : P∗ → F∗ we
conclude that F∗ is exact. Hence F is a free resolution for Z. (Note: we will subsequently omit indices when
there is no risk of ambiguity.)

Finally, we are ready to define the Bar resolution. Given the free resolution F for Z described above, we
can tensor with the contravariant functor HomZ[G](−, A). This yields a cochain complex

· · · d∗←− HomZ[G](F2, A)
d∗←− HomZ[G](F1, A)

d∗←− HomZ[G](F0, A)←− 0

which, as suggested at the beginning of this section, we will denote by C•(G,A). Since F is a free (i.e.
projective) resolution for Z, taking the i th cohomology of C• gives us

Hi(C•(G,A)) = ExtiZ[G](Z, A) ∼= Hi(G,A)

by the definition of Ext and corollary 2.4. Thus the cohomology of C•(G,A) is the same as the group
cohomology H•(G,A), as desired.

3.2 Homology of the Bar Resolution

Why do we care specifically about the Bar resolution, as opposed to any other resolution for Z? The following
lemma will make explicit the potency of this particular complex.

Lemma 3.2. For each nonnegative integer n, there is an isomorphism Λ : Cn(G,A) → Wn, where Wn

denotes the G-module of functions Gn → A, equipped with the G-module structure induced by that of A; that
is,

(g · t)(x) = g · t(x)

and
(t+ l)(x) = t(x) + l(x)

for all t, l ∈ Wn, g ∈ G, and x ∈ Gn.
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Proof. Fix n, and let f ∈ Cn(G,A) = HomZ[G](Fn, A); that is, f is a homomorphism of G-modules Fn → A.
Then we define

Λ(f) : Gn → A

(g1, . . . , gn) 7→ f(1⊗ g1 ⊗ · · · ⊗ gn)

Then Λ is an abelian group homomorphism, for if h ∈ Cn(G,A) then

Λ(f + h)(g1, . . . , gn) = (f + h)(x) = f(x) + h(x) = Λ(f)(g1, . . . , gn) + Λ(h)(g1, . . . , gn)

where x = 1⊗ g1 ⊗ · · · ⊗ gn, and if g ∈ G then

(g · Λ(f))(g1, . . . , gn) = g · f(x) = (g · f)(x) = Λ(g · f)(g1, . . . , gn)

so Λ is Z[G]-linear.
To see that Λ is injective, we note that if

Λ(f) = Λ(h)

then by proposition 3.1 f and h agree on a basis for the free G-module Fn, and thus are equal. On the other
hand, if t : Gn → A is a function then we can define ft ∈ Cn(G,A) by extending

ft(1⊗ g1 ⊗ · · · ⊗ gn) = t(g1, . . . , gn)

linearly (which is well-defined, since we have defined ft on a basis for Fn by proposition 3.1). By construction
we have

Λ(ft)(g1, . . . , gn) = t(g1, . . . , gn)

so Λ(ft) = t, and hence Λ is surjective. Therefore Λ is an isomorphism of G-modules, as claimed.

Using lemma 3.2, we can turn the Wn into a cochain complex W isomorphic to C•(G,A), by simply
taking the n th differential d′ :Wn →Wn+1 to be

d′ = Λd∗Λ−1

where d∗ is the n th differential of C•(G,A). This will prove particularly useful for understanding the first
group cohomology H1(G,A), as we will see shortly. First, we make the following definitions:

Definition 3.3. A function t : G→ A is a crossed homomorphism if

t(g1g2) = g1 · t(g2) + t(g1)

for each g1, g2 ∈ G. Moreover, a crossed homomorphism t is generated by a ∈ A if

t(g) = g · a− a

Such a function is clearly a crossed homomorphism, for

t(g1g2) = (g1g2) · a− a = g1 · (g2 · a)− g1 · a+ g1 · a− a = g1 · t(g2) + t(g1)

If such an a exists then t is said to be a principal crossed homomorphism.

We then have the following theorem, which gives us a concrete perspective on the degree one cohomology
of W, and hence of the first group cohomology H1(G,A):

Theorem 3.4. The cocycles of W in degree one are precisely the crossed homomorphisms G→ A, and the
coboundaries are precisely the principal crossed homomorphisms.
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Proof. Let t : G→ A be some element of W1, and let ft = Λ−1(t) : F1 → A. Then we have

d′(t) = (Λd∗)(ft) = Λ(ftd)

so that
d′(t)(g1, g2) = Λ(ftd)(g1, g2) = ftd(1⊗ g1 ⊗ g2)

But
d(1⊗ g1 ⊗ g2) = g1 ⊗ g2 − 1⊗ g1g2 + 1⊗ g1) = g1 · (1⊗ g2)− 1⊗ g1g2 + 1⊗ g1)

so we have

d′(t)(g1, g2) = g1 · ft(1⊗ g2)− ft(1⊗ g1g2) + ft(1⊗ g1) = g1 · t(g2)− t(g1g2) + t(g1)

Now, t is a cocycle if and only if d′(t) = 0, that is, if and only if

g1 · t(g2)− t(g1g2) + t(g1) = d′(t)(g1, g2) = 0

for all g1, g2 ∈ G. Rearranging terms yields

t(g1g2) = g1 · t(g2) + t(g1)

so we conclude that t is a cocycle if and only if t is a crossed homomorphism.
Now, suppose l : 1→ A is an element of W0, and let hl = λ−1(l) : Z[G]→ A. Then we have

d′(l) = (Λd∗)(hl) = Λ(hld)

so that
d′(l)(g) = Λ(hld)(g) = hld(1⊗ g) = hl(g − 1) = g · hl(1)− hl(1)

for each g ∈ G. Thus, d′(l) is generated by hl(1) ∈ A, so each coboundary is a principal crossed homomor-
phism. On the other hand, given a principal crossed homomorphism k : G→ A generated by some a0 ∈ A,
define k0 : 1→ A by k0(1) = a0. Then we have

Λ−1(k0)(1) = k0(1) = a0

so by the computation above
d′(k0)(g) = g · a0 − a0 = k(g)

for all g ∈ G, and thus k is a coboundary, completing the proof.

Corollary 3.5. The first group cohomology H1(G,A) is isomorphic to the quotient of the crossed homomor-
phisms G→ A by the principal crossed homomorphisms.

Proof. Immediate from theorem 3.4, together with the isomorphism of cochain complexes W ∼= C•(G,A)
and the proof above that

Hi(C•(G,A)) ∼= Hi(G,A)

As we will see in section 4, this interpretation of the first group cohomology is a powerful tool, which will
help us prove the main result. Finally, we have the following:

Corollary 3.6. If A is invariant under G (i.e. AG = A) then Λ is an isomorphism between H1(G,A) and
the group of homomorphisms G→ A.

Proof. Let t : G→ A be a crossed homomorphism, and let g1, g2 ∈ G. Then we have

t(g1g2) = g1 · t(g2) + t(g1) = t(g1) + t(g2)
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as t(g2) is invariant under g1, and thus t is a group homomorphism. The converse follows from an identical
argument, so we conclude that the group of crossed homomorphisms G → A is the same as W1, the group
of homomorphisms G→ A.

Similarly, if l : G→ A is a principal crossed homomorphism generated by a ∈ A, then for each g ∈ G we
have

l(g) = g · a− a = a− a = 0

as a is invariant under g, and thus the only principal crossed homomorphism G→ A is the zero map. Hence,
by corollary 3.5 we conclude that H1(G,A) =W1 is isomorphic to the group of homomorphisms G→ A via
Λ.

3.3 Profinite Group Cohomology

It turns out that this definition of group cohomology is not well behaved for infinite groups. In general, this
deficiency is quite hard to fix, but in the case of profinite groups we can take motivation from infinite Galois
theory. If L/K is an algebraic Galois extension, then we can write its Galois group G = Gal(L/K) as an
inverse limit

G = lim←−
M

Gal(M/K)

over all its finite Galois subextensions M/K. This makes G into a profinite group, and so it can then be
given the Krull topology : the coarsest topology making each of the maps G→ Gal(M/K) continuous, where
Gal(M/K) is given the discrete topology. This topology then allows us to extend the Galois correspondence
to infinite extensions. Namely, if L/K is an algebraic Galois extension, then the usual bijection of the Galois
correspondence gives us a bijection between the subextensions of L/K and the closed subgroups of G. The
details of this can be found in the Infinite Galois Theory section of the Stacks Project [2]. We then want
to be able to define Galois cohomology—the cohomology of G-modules where G is the Galois group of an
algebraic extension—to reflect this profinite structure. The failure of standard group cohomology to respect
the profinite structure of G can be reduced to the fact that

Hn(G,A) = lim−→
N

Hn(G/N,AN )

does not hold in general, where N ranges over all open normal subgroups of G. Motivated by this, we define
a modified group cohomology for profinite groups:

Definition 3.7. If G is a profinite group and A is a discrete G-module, then the continuous group cohomology
is given by

Ĥn(G,A) = Hn(Ĉ•(G,A))

where Ĉi(G,A) denotes the continuous homomorphisms Fn → A, with Fn as in section 3.1.

Note that this turns out to be the right derived functor of our invariance functor F : A 7→ AG, viewed as
a functor from a certain modified module category (see [3] for details). In particular, since this is a derived
functor we get the usual long exact sequence. More to the point, we get the property that motivated our
definition:

Ĥn(G,A) = lim−→
N

Ĥn(G/N,AN )

where N ranges over all open normal subgroups of G. In the next section, as is customary in Galois theory,
we will refer to the continuous group cohomology simply as group cohomology and in the finite case ignore
topological details, as in that case the continuous cohomology coincides with the standard group cohomology
(i.e. finite groups are given the discrete topology).

4 The Kummer Sequence

Finally, we can apply the machinery of group cohomology to prove the main theorem. If L/K is a Galois
extension with Galois group G = Gal(L/K), then we have some natural examples of G-modules. Namely,
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the additive group L and multiplicative group L× are both G-modules via the action σ · x = σ(x) for
σ ∈ G. Then K and K× have trivial G-action and so in particular are G-modules. Finally, we can define a
submodule of L× given by

µn(L) = {x ∈ L× : xn = 1}

We note that µn(L) is closed under the action of G, since for any σ ∈ G and any x ∈ µn(L),

σ(x)n = σ(xn) = σ(1) = 1

so σ(x) ∈ µn(L), and thus µn(L) is a G-module.
We can now compute the invariance of each of these modules. Since our extension is not necessarily

finite, we need to use the infinite Galois correspondence (see [2], theorem 9.22.4) for this, viewing G with
the Krull topology. In particular, since G is closed in itself, LG = K, and since G acts on L× in the same
way, (L×)G = K×. Then, since the invariance of a submodule is just its intersection with the invariance of
the full module,

µn(L)G = µn(L) ∩K = µn(K)

Let K be a field containing a primitive root of unity, and n be an integer relatively prime to the charac-
teristic of K. If K is the separable closure of K (the largest separable subextension of an algebraic closure),
then K/K is Galois and we denote its Galois group by ΓK . Then, the ΓK modules discussed above fit into
an exact sequence called the Kummer sequence

1→ µn(K)→ K
× x 7→xn

−−−−→ K
× → 1

To see that this sequence is exact, first note that µn(K) is the kernel of the map x 7→ xn by definition,

so all that remains to show is that this map is surjective. Consider any a ∈ K×. We wish to show that

the polynomial xn − a has roots in K
×

. Note that the formal derivative of the polynomial xn − a is nxn−1,
which is nonzero since the characteristic of K is relatively prime to n. Thus, the only root of nxn−1 is 0,
which is not a root of xn− a as a is nonzero, and hence xn− a is separable. Since K is the separable closure
of K, all of the roots of xn − a lie in K, as desired. Then, the long exact sequence on homology gives us

1→ µn(K)ΓK → (K
×

)ΓK → (K
×

)ΓK → Ĥ1(ΓK , µn(K))→ Ĥ1(ΓK ,K
×

)

We know all of the terms on the left

1→ µn(K)→ K×
x 7→xn

−−−−→ K×
δ−→ Ĥ1(ΓK , µn(K))→ Ĥ1(ΓK ,K

×
) (1)

Next we will show that the rightmost term is 1, a result which is commonly referred to as Hilbert’s theorem
90. First, we show that this is the case when when L/K is any finite Galois extension.

Theorem 4.1. Let L/K be a finite Galois extension with Galois group G. Then

Ĥ1(G,L×) = 1

Proof. By corollary 3.5, together with the fact that Ĥ•(G,−) = H•(G,−) when G is finite (see section 3.3),
it will suffice to show that every crossed homomorphism t : G→ L× is principal. To do this, we first set

at =
∏
τ∈G

t(τ)

Since G is finite by hypothesis this is a well-defined element of L, and since each t(τ) is nonzero so is at. We
aim to show that t is generated by a−1

t . Let σ ∈ G. Then we have

t(σ) · σ(at) = t(σ) · σ

(∏
τ∈G

t(τ)

)
= t(σ) ·

∏
τ∈G

σ(t(τ)) (2)

Moreover, since t is a crossed homomorphism, we have

t(στ) = σ(t(τ))t(σ)
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for each τ ∈ G, so rearranging terms gives us

σ(t(τ)) =
t(στ)

t(σ)

Combining this with (2) yields

t(σ) · σ(at) = t(σ) ·
∏
τ∈G

t(στ)

t(σ)
=
∏
τ∈G

t(στ) = at

where the last equality holds because σG = G. Finally, since σ is an automorphism we have σ(at)
−1 =

σ(a−1
t ), so we have

t(σ) = σ(at)
−1at = σ(a−1

t )(a−1
t )−1

completing the proof that t is a principal crossed homomorphism generated by a−1
t , and therefore that

Ĥ1(G,L×) = H1(G,L×) = 1

Miraculously, this, along with the following lemma, is all we need to prove Hilbert’s theorem 90, even
when K/K is infinite:

Lemma 4.2. Let G be a topological group, and let N E G be an open normal subgroup. Then G/N is a
discrete group.

Proof. Since N is open, by the definition of the quotient topology the subset {N} of G/N is open. Moreover,
G/N is a topological group, so {gN} is open for all g ∈ G as translation by g is a homeomorphism. Thus
each singleton subset of G/N is open, so G/N is discrete.

Corollary 4.3. The first group cohomology of K
×

over ΓK vanishes:

Ĥ1(ΓK ,K
×

) = 1

Proof. As observed in section 3.3, we have

Ĥ1(ΓK ,K
×

) = lim−→
N

Ĥ1(ΓK/N, (K
×

)N ) (3)

where N ranges over all open normal subgroups of ΓK . Moreover, ΓK is compact since it is profinite. This
follows from the fact that it the limit of the Galois groups of its finite subextensions, that is, ΓK is a closed
subgroup of the product of discrete (and hence compact) groups. Thus each quotient ΓK/N by an open
normal subgroup N of ΓK is compact, and since it is discrete by lemma 4.2 we conclude that it is finite.

Now, if N E ΓK is an open normal subgroup then it is also closed by lemma 4.2, since it is the preimage
of the closed subset {N} ⊆ G/N . It follows from the infinite Galois correspondence that the fixed field LN
of N in K is a Galois extension of K with

Gal(LN/K) =
ΓK
N

Therefore we see from (3) that Ĥ1(ΓK ,K
×

) is the direct limit of the group cohomologies of finite Galois
subextensions, which are each trivial by theorem 4.1. That is, we have

Ĥ1(ΓK ,K
×

) = lim−→ 1 = 1

completing the proof of Hilbert’s theorem 90.
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Next, we turn our attention to the homology Ĥ1(ΓK , µn(K) in the special case when µn(K) is contained
in K. As noted above, the invariance µn(K)ΓK is precisely the subgroup of roots of unity in the base field
K, so since µn(K) ⊆ K we know that µn(K) is ΓK-invariant. Furthermore, since the polynomial xn − 1 is
separable K contains each of its roots, or in other words, µn(K) is a cyclic group of order n (generated by
any primitive n th root of unity). These two facts give us the following theorem:

Theorem 4.4. There is a surjection Ω : Ĥ1(ΓK , µn(K))→ V, where V is the collection of Galois subexten-
sions L/K lying in K such that

Gal(L/K) ∼= Z/mZ

for some positive integer m dividing n.

Proof. Let U be the group of continuous homomorphisms ΓK → µn(K). Since µn(K) is invariant under the
action of ΓK , by corollary 3.6 we see that Ĥ1(ΓK , µn(K)) is isomorphic to U — we note that this corollary
still holds in the continuous case, simply by making each (resp. crossed, principal crossed) homomorphism
continuous. Thus, it will suffice to define a surjection Ω′ : U → V, then take Ω to be the precomposition of
Ω′ with the isomorphism Λ : Ĥ1(ΓK , µn(K)) → U from corollary 3.6 (again, making all appropriate maps
continuous).

Let f : ΓK → µn(K) be a continuous group homomorphism in U , and let Kf = Kker f be the fixed
field of ker f . We must first verify that Kf ∈ V. To see this, we observe that ΓK/ ker f is isomorphic to
the subgroup im f of µn(K), so in particular is finite (i.e. equipped with the discrete topology). But f is
continuous and {0} ⊆ im f is closed, so ker f = f−1({0}) is closed in ΓK , and since it is also normal we
conclude by the infinite Galois correspondence (as well as lemma 9.22.5 of [2]) that Kf/K is Galois and

Gal(Kf/K) ∼=
Gal(K/K)

Gal(K/Kf )
=

ΓK
ker f

∼= im f

Moreover, im f is a subgroup of µn(K), a cyclic group of order n, so Gal(Kf/K) ∼= im f is a cyclic group
whose order divides n. Therefore Kf ∈ V, so Ω′ is well-defined.

It remains to be shown that Ω′ is a surjection. Let L ∈ V, so that Gal(L/K) ∼= Z/mZ for some positive
integer m dividing n. Additionally, let fL : ΓK → µn(K) be the composition

ΓK
π−→ ΓK

N

ι−→ µn(K)

where N = Gal(K/L), π is the quotient map, and ι is the inclusion map which sends a generator of
Gal(L/K) to an element of order m in µn(K). We note that this N is indeed normal in ΓK , as L/K is a
Galois subextension of K (so π exists), and µn(K) contains an element of order m since m divides n (so
some embedding ι exists). Moreover, ι is injective and kerπ = N , so we conclude that ker f = N . Therefore,
by the infinite Galois correspondence we have

Ω′(f) = KN = L

so Ω′ is surjective, and thus so is Ω = Ω′Λ.

Theorem 4.4 relates our cohomological framework to cyclic extensions of K, which will be essential when
proving the main theorem. To complete the proof of theorem 1.1 we require one final result, which, in light
of corollary 3.6, allows us to unwind the connecting morphism δ of the Kummer sequence in (1) as a map
into the group of homomorphisms ΓK → µn(K).

Theorem 4.5. Suppose µn(K) ⊆ K. Then for each a ∈ K× the homomorphism Λ∗(δ(a)) : ΓK → µn(K) is
given by

σ 7→ σ( n
√
a)

n
√
a

where Λ∗ is the map on cohomology induced by the chain isomorphism Λ : C1(ΓK , µn(K)) → W1 given in
lemma 3.2.
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Proof. Let a ∈ K×. By the snake lemma, in order to compute δ(a) we must first pull a back along the map

x 7→ xn to obtain an n th root n
√
a of a in K

×
. Under the natural isomorphism

K
× ∼= HomZ[ΓK ](Z[ΓK ],K

×
) = C0(ΓK ,K

×
)

the element n
√
a is carried to the G-module homomorphism f : Z[ΓK ] → K

×
given by 1 7→ n

√
a. Next we

apply the differential d∗ to f , to obtain an element d∗(f) = fd ∈ C1(ΓK ,K
×

) with

fd(1⊗ σ) = f(σ − 1) = σ(f(1))f(1)−1 =
σ( n
√
a)

n
√
a

for all σ ∈ ΓK . But by the snake lemma we have δ(a) = d∗(f), so

Λ(δ(a))(σ) = fd(1⊗ σ) =
σ( n
√
a)

n
√
a

proving the desired result.

Finally, we are equipped with the necessary tools to complete the proof of the main theorem:

Proof of Theorem 1.1. Let L/K be a Galois extension with Galois group isomorphic to Z/nZ, and suppose
K contains a primitive n th root of unity. Letting K, ΓK , and µn(K) be as above, we have an exact sequence

1→ µn(K)→ K×
x7→xn

−−−−→ K×
δ−→ Ĥ1(ΓK , µn(K))→ 1 (4)

by Hilbert’s theorem 90 (corollary 4.3), together with the Kummer sequence (1). Moreover, taking Ω : U → V
to be the surjection defined in theorem 4.4, noting that L ∈ V by hypothesis, we see that there exists some
h ∈ Ĥ1(ΓK , µ(K)) such that

Ω(h) = Kker Λ(h) = L

But it follows from the exactness of (4) that δ is surjective, and hence that there is some a ∈ K× satisfying
δ(a) = h, so that L is the fixed field of N = ker Λ(δ(a)). Finally, by theorem 4.5 we see that Λ(δ(a)) is given
by

Λ(δ(a))(σ) =
σ( n
√
a)

n
√
a

so σ ∈ N if and only if
σ( n
√
a) = n

√
a

that is, if and only if σ fixes the extension K( n
√
a). In other words, the fixed field KN is given precisely by

adjoining an n th root of a to K, so we conclude that

L = KN = K( n
√
a)

completing the proof.
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