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Introduction

The long exact sequence for a pair (X, A) is an invaluable tool for computing homology, so much so
that some might argue that it is what makes homology even remotely tractable. A natural question to
entertain is whether this tool can be pushed further, for instance to obtain some kind of homological
relationship from a nested sequence of spaces Xy C X; C --- C X, of arbitrary length. Perhaps a
better question is whether such a thing, should it exist, actually offers any additional information. It
turns out that the answer to both questions is, at least in some capacity, “yes.”

Possibly more surprising, this question gives rise to a rich homological theory of objects called
spectral sequences (if one manages to wade through an ocean of indices, anyway), which enable one to
dissect the homology of a chain complex by scattering its data across an infinite number of “pages.”
Succinctly, each page of a spectral sequence consists of a collection of Z-bigraded modules (or, more
generally, objects of an abelian category), connected by morphisms which compose to zero, such
that the following page is given by taking homology. Spectral sequences emerge across a myriad of
disciplines, and can be used in a wide variety of applications: they appear in algebraic geometry as
a means to compute sheaf cohomology, and in commutative algebra to extract information about the
derived functors Tor and Ext.

In addition to introducing the general theory of spectral sequences, the focus of this paper will
be on a particular sequence called the Serre spectral sequence, named after Jean-Pierre Serre, which
is used to analyze the homology of topological spaces that enjoy a certain homotopy lifting property.
We will outline how this technology is constructed, and then explore a handful of ways it can be
harnessed, concluding with a brief list of additional topics that build on the content of this paper.

Before we proceed, we will make a few remarks about notation. We will denote by fg the compo-
sition of the map f with the map g, that is, 7 f after g.” Additionally, we will write (C, 9) for a chain
complex with terms C}, and boundary maps 0, : C,, — Cp_1, and given a map f : C' — D of chain
complexes we let f, : H,(C) — H,(D) be the induced map on homology.

In their infinite wisdom, the elders of homological algebra omitted as many indices as possible
without leading to ambiguity; in keeping with tradition we will adopt this practice as well, leaving out
indices whenever possible to (hopefully) improve readibility. We have also quarantined a few technical
proofs and lemmata in the appendix, as they are orthogonal to the purpose of the paper and some
may find their excessive homological content offensive.

Finally, throughout the paper we fix a ring R, and work over the category of R-modules. However,
we note that all of the content of section 1 can be generalized over almost any abelian category A
(for certain results about spectral sequences of filtrations, one may also need to require that A be
(co)complete and its monomorphisms and epimorphisms satisfy some mild technical property). For
further details, see [1].



1 Filtered Complexes and Spectral Sequences

We begin by recalling a few basic definitions:

Definition 1.1. Given an R-module M, a filtration of M is a Z-indexed family {F,,M} of nested
submodules
- CF,MCFy MC---CM.

Similarly, a filtration for a chain complex (C, ) is given by a filtration {F,,C;} for each term C; of C,
such that these filtrations are compatible with the boundary map 9; that is, such that

for each n and i. The compatibility of each filtration with 9 turns {F,,C; : ¢ € Z} into a chain complex
(F,.C,9), with boundary maps given by restricting 0.

We then have the following:

Proposition 1.2. A filtration {F,,C} of a complex (C,9) induces a filtration {F,,H;(C)} on the
homology H;(C), with
FoHi(C) = w(Hi(FpC))

where ¢ is the inclusion map F,C' — C.
Proof. This follows immediately from the definitions. O

Definition 1.3. We say that a filtration {F,,C} is bounded if, for each n € Z, there exist integers
s < t such that F;C,, =0 and F;C,, = C,. In this case the filtration for C in degree n is given by

OZFSCngF8+1Cn Cc "'gthlcn gFtCn:Cn
so there are only finitely-many nontrivial terms in the filtration of each term of C.

Definition 1.4. Given a filtration {F,,C} of a complex C and fixed p € Z, we define the associated
graded complex (in degree p) to be the quotient complex

F,C
F,_.C’

G,C =

By the proposition above, the filtration on C induces a filtration on its homology, so we similarly
define the associated graded homology (in degree p) by

GPHZ(C) = 7FPHZ(C) .
Fp—lHi (C)

Note that since G, C is itself a complex, we can take its homology H;(G,C). A natural question to
consider is what the relation between H;(G,C) and G,H;(C) is. The rest of this section is devoted to
answering this question by constructing a mechanism called a spectral sequence from a given filtration
of C. We will see shortly that this allows us to “approximate” G,H;(C) with H;(G,C), and under
favorable circumstances we can recover H;(C') from its associated graded components, allowing us to
determine the homology of C from the spectral sequence of a filtration.

In practice, we can will choose a suitably nice filtration whose homology can be easily computed,
making the corresponding spectral sequence (to be assembled momentarily) easy to unpack. This is
reminiscent to the process of computing the homology of a space X by selecting a convenient subspace
A C X such that H,(A) and H,(X, A) are already understood, and then applying the long exact
sequence for relative homology. The similarity is no coincidence, and in fact we will soon see that this
technique is simply a special case of the theory of spectral sequences.



Definition 1.5. A spectral sequence (E",d") is a family of R-modules EJ,, where the set {E],
p,q € Z} is called the 7" page, for all p,q,r € Z with » > 0 (note: some authors allow r to start
at any fixed a € Z, but in the interest of simplicity we insist that a = 0) together with maps
dr=dy, - E}, —E .. 1, called differentials, such that d"d" = 0 and E} ! is (isomorphic to) the
homology Hp,(E",d") of E}

ker(d" : d, : B}, — Ep . 00 1)

1 T . T T
im(d" : Ep+r,q7r+1 — qu)

r+1 ~
qu -

A spectral sequence (E",d") is said to be bounded if, for each r > 0 there are only finitely-many
nonzero terms of total degree n in the r*" page (i.e. only finitely many nonzero Ej], with p+q =n)
for each n € Z. Since E;;rl is a subquotient of £ , by induction it is equivalent to only require that
the spectral sequence be bounded on the 0" page.

Note that if (E",d") is a bounded spectral sequence then given p, g € Z, n = p+q, there exists some
m > 0 such that EY, = 0 for all 5,t € Z with s+t =n—1 and either s < —m or t > m. It follows that
E, = 0 for all such s and ¢ as well, so for r sufficiently large we see that £ _, .. 1 =FEp, .1 =0,
and hence the differentials d” mapping into and out of E"pq vanish for r large. Thus the homology
stabilizes, that is, for some rg > 0 and each r > ry we have E;q = E;g.

Definition 1.6. We denote by EJ7 the stable term E79 described above, and call the set {E;f; 1p,q €
Z} the limit page of (E",d").

The utility of a spectral sequence manifests itself in the form of convergence:

Definition 1.7. Let {A,} be a family of R-modules indexed by Z, such that each A,, admits a finite
filtration {F,A,}:
O:FsAn g Fs+1An g g Ft—lAn g FtAn :An

We say that a bounded spectral sequence (E",d") converges to {Ay}, and write Ep, = Ay, if

Eoo FPAP+q
P FpaApyg

1%

= GpAp+q

for each p, q.

We now arrive at the much-anticipated spectral sequence of a filtration. A sketch of the proof is
deferred to the appendix, where it has been exiled for its length and inelegance.

Theorem 1.8. Let (C, 9) be a complex with a bounded filtration {F;,C}. Then there exists a bounded
spectral sequence (E",d") with

Ep, = Hypig(G,C)

and

dl : Hp+q(GpC) — Hp+q71(Gp710)
[+ Fp 1G] = [0(2) + FpC]

where = € F,C with d(x) € F,_1C. Moreover E), = H,,4(C), that is,
By = GpHpq(C)
for each p,q.

In the following sections we will explore a particular spectral sequence that arises from the con-
struction above, which is widely used in the context of algebraic topology. First, however, we will use
the machinery above to recover a fundamental result in homological algebra.



Corollary 1.9. Given a short exact sequence of chain complexes

0%ALB£>C~>O

there is a long exact sequence
. d \ . d .
O S A B o, S A, Y

Proof. Consider the filtration on B given by F,B; = B; for each p > 0, FoB; = fi(4,), and F,B; =0
for ¢ < 0. Then the graded components of the filtration are given by G1B = C, GoB = A, and
G,B = 0 for all p # 0,1. Since this filtration is clearly bounded, by Theorem there exists a
spectral sequence (E",d") with E), = Hp4(B) with

H,(A) ifp=0
Ezl)q = Hpq(GpB) = { Hg1(C) ifp=1
0 otherwise

and differentials d : Hyy1(C) — Hy(A). Taking the homology, we find that

ker dé ifp=1
2 _ e
E,, = { coker d<11 ifp=0
0 otherwise

and since the E? page is concentrated in the columns p = 0,1 we find that the differentials d? are all
zero, so E>® = E2,

2 Hy(A)+——H;(C) 2 | cokerd} ker d}
1 Hy(A)+——H>(C) 1 | cokerd} ker di
0 Hy(A)«——H;(C) 0 | cokerd} ker d}
0 1 0 1
E! E?

It follows from the convergence of the spectral sequence that

FiHg1(B) _ Hga(B)

ker dy = E7S, = =
T e T B H A (B) T im
and Fol(B)
1 _ 00 ~Av 0ilq —;
coker d, = Eg%, = 7F,1Hq(B) im f,

giving us a short exact sequence
0 — coker d; — Hg1(B) — ker dé —0

for each ¢q. One checks directly that the following triangles commute



ker dé coker dé

7 [

Hy1(B) —5— Hg41(0) Hy(A) —— H,y(B)

where the maps into and out of the homology of B are the maps in the short exact sequence above.
Thus we obtain the desired long exact sequence via the Splicing Lemma (see Lemma in the
appendix) by precomposing each map coker dr11—1 — H,(B) with the quotient H,(A) — coker dr11 and
postcomposing each map Hgy11(B) — kerd} with the inclusion ker d}, — Hy1(C). O

There are far more direct proofs for the corollary which do not make any mention of spectral
sequences (indeed, it is one of the first results any student of homological algebra learns, and is
arguably where the subject of “homological algebra” truly begins). However, while this approach is
certainly overkill, it illuminates an important connection between the theory developed above and
some existing techniques in algebraic topology. In particular, this offers some justification for our
claim that the spectral sequence of a filtration generalizes relative homology. Namely, given a pair of
spaces (X, A) and taking the short exact sequence of complexes above to be

0—-C(A) - C(X)—C(X,A) —0,

we are able to recover the long exact sequence on relative homology from Corollary [I.9]

2 Fibrations

Before we can begin our discussion of the Serre spectral sequence, we must first make a brief detour
into the world of homotopical topology to understand Serre fibrations. To avoid repetition, we fix
topological spaces E and B, and a continuous map 7 : £ — B.

Definition 2.1. We say that £ = B has the homotopy lifting property with respect to a space X
if, given a homotopy h; : X x I — B and a lift hg : X — E of h; for t = 0, there exists a homotopy
ht + X x I — E lifting h; and which agrees with the lift hy for ¢ = 0. Diagrammatically, h; makes
the following diagram commute (wherein the left vertical map is the inclusion of X = X x {0} into
X x I):

£

-

ho
e

N
%
3

X
!
X x1TI

d
Sy

For instance, covering spaces satisfy the homotopy lifting property with respect to all spaces; in
fact, in this case the induced homotopy is unique, which accounts for much of the rich theory of
covering spaces. Dropping the requirement that the lift be unique leads us to the following definition:

Definition 2.2. E = X is a fibration (also called a Hurewicz fibration) if it satisfies the homotopy
lifting property with respect to all spaces.

Fibrations provide a generalization of the notion of fiber bundles, which in turn generalize the
projection map B x F — B. A fiber bundle is a surjection £ =+ B which behaves locally like the
projection map from the product space B x F, and enjoy the homotopy lifting property with respect
to suitably “nice” spaces (in particular, CW complexes). These provide us a first example of the
following definition:



Definition 2.3. E 5 X is a Serre fibration if it satisfies the homotopy lifting property with respect
to all CW complexes. We say that F is the total space of the fibration, and that B is the base space.

An equivalent definition requires only that Serre fibrations have the homotopy lifting property
only with respect to all closed disks D”. One can then lift along each cell of a CW complex to obtain
the more general lifting condition against all CW complexes.

We often care not only about the base space and total space of a (Serre) fibration, but also about
the fiber F' = 7~1(x) of a basepoint x € B. Throughout the subsequent sections we will assume that
a particular fiber F' is given, together with an inclusion map i : F — F, and write

F4YEZSB

for the complete data of the fibration. For our purposes we will only ever care about the homology of
F, so the following proposition (which we state without proof) helps justify our blasé attitude towards
the basepoint.

Proposition 2.4. Suppose 7 : E — B is a Serre fibration with B path-connected, and let z,y € B.
Then the fibers F, = 7~!(z) and F, = 7 !(y) are weakly homotopy equivalent, so in particular
H,(F,) = Hy(F),) for all q.

Arguably the most (in?)famous example of a Serre fibration is the Hopf fibration, given by a map
S$3 — S? with fiber S*. Explicitly, consider the quotient map 7 : C2—{0} — CP! = S? which identifies
each point (z,w) with (Az, \w) for all nonzero A € C. Since the unit circle in C? is homeomorphic
to S3 there is an inclusion map ¢ : S — C? — {0}, and it can be verified that the restriction 7 of 7
along ¢ is the desired Serre fibration S® — S? (in fact it is a fiber bundle), fiber S'. More generally,
if n # 0 then there is a fiber bundle (and hence a Serre fibration) S1 — §2"+1 — CP" which is also
sometimes called a Hopf fibration (although the use of the definite article usually implies that n = 1).

A depiction of the Hopf fibration, created by Niles Johnson using SageMath

Given some based space (B, bg), one may wish to consider the path space PB over B, consisting
of all paths I — B starting at the basepoint by and equipped with the compact-open topology (i.e.
generated by the subbasis of subsets UX of paths which carry a given compact subset K C I to an
open set U C B). We note that PB is contractible, for each path v € PB can be homotoped to the
constant path at by by pulling v back along itself (leaving v(0) fixed).



Similarly, one can consider only those paths in B which both start and end at by, which forms the
loop space QB over B (equipped with the subspace topology induced by PB). There is a natural map
evy : PB — B given by evaluating a path v € PB at the endpoint 1, that is, evi(v) = v(1), and in
fact it is not hard to check that this yields a (Serre) fibration

OB —» PB =4 B.

At first glance loop spaces may appear geometrically impenetrable. After all, how could one go about
visualizing every loop in B as a space in its own right? How might we go about understanding such a
space? In the following section we will develop a tool which will enable us to compute the homology
of QB (when B is sufficiently amiable, anyway), along with that of many other spaces which fit into
a Serre fibration.

3 The Serre Spectral Sequence

Finally, we are ready to construct the Serre Spectral Sequence. As with Theorem we will only
outline the main ideas of the proof, but more detailed arguments can be found in |3] and [4].

Theorem 3.1 (Serre Spectral Sequence). Let F — E > B be a Serre fibration such that B is
simply-connected. Then there exists a spectral sequence (E",d") with

Ep, = Hy(B; Hy(F))
which converges to Gp,H,14(E) for some filtration on the homology of E.

For simplicity, the argument we present makes a few assumptions: firstly, we assume that B is a
CW complex; to prove the general case, one approximates B with a CW complex B’, and then uses
the hypothesis that 71 (B) is trivial (in fact, one only needs the weaker assumption that w1 (B) acts
trivially on the homology of F), along with some additional machinery such as the Hurewicz Theorem
— see [4]. Furthermore, we assume that B is finite-dimensional so that the filtration defined in the
proof is bounded. For B an arbitrary CW complex one passes to the direct limit over the filtered
diagram of the skeleta, as noted in [5].

Proof of Theorem[3.1 Suppose B is a finite-dimensional CW complex, and let BP denote its p-
skeleton. Then we define a filtration on the chain complex C(E) associated to E by

F,Ci(E) := Ci(=~}(BP)),

noting that this filtration is bounded as B? = E for all sufficiently large p. Theorem [I.8] then pro-
duces a spectral sequence (E”,d") with E}, = H,4(G,C(E)) which converges to G,H,1,(C(E)) =
GpHpiq(E). Thus we have

FCi(E) _ Ci(n'(B"))

GpCi(E) = F,_1Ci(E) = G (B = Cy(x(BP), =~ 1(BP 1)),

SO
E;q: p+q(77_1(Bp)>7"_1(Bp_1))-
We aim to show that Ezl,q = CgW (B; Hy(F)), the cellular chain group associated to B with coefficients
in H,(F). For the closure e, of cach p-cell in BP (i.e. the image of each characteristic map) we have
an inclusion of pairs
it (17 (o), 7 (Dea)) = (nH(BP), n”(BPT))

so the universal property of the coproduct induces a map

i [T (ea) m ™ (Oea)) = (B, (B ),

[e%



where Je,, denotes the boundary of the cell. We will show that the induced map
@Hp-‘rl “Hea), 1 (0ea)) = Hprg(n™H)BP),n~ 1 (BPTY)) = By,

is an isomorphism, using a proof similar to that of Lemma 9.2.2 in [6]. For each e,, let e/, be a closed
p-disk contained in the interior of e,. It is easy to see that the inclusion maps

(BP,BP™1) — (BP, B? — U, int(el,))
(eom 6601) — (ecw int(e:x))
are homotopy equivalences, where int(e!,) is the interior of e/, — this is evident from the fact that a

(closed) cell with a disk removed from its interior clearly deformation retracts to its boundary. Pulling
back along 7, we find that the corresponding inclusions

(r=H(BP),n{(BP™)) < (r7H(BP), 7~ H(B) = Uar ™ (int €,))
(7 (ea), 1 (Pea)) = (7 (ea), m " (int(er,))

are likewise homotopy equivalences, since 7 is a Serre fibration (so we can lift each homotopy along
7). Thus, passing to homology we obtain the following commutative diagram, wherein each map is
induced by the corresponding inclusion (or sum of inclusions, in the case of the left-hand column):

Do Hpq(m™ (ea), 771 (Pea) Hpq(m™( —H(BrY)

BP)«
B Hysglm ea)s 1 ea — int(el))) —— Hyeq(n~"(B?), 7 (BY) — Uar~(int e}))

D Hp+q(m(el,), 71 (0ey,)) ——————— Hpiq(Uam " (eg), Uam " (0ey,))

The top vertical maps are isomorphisms, since as noted above they are induced by homotopy
equivalences. Additionally, the bottom vertical maps are isomorphisms by excision, and the bottom
horizontal map is an isomorphism since each e/, is disjoint (and thus so are their pullbacks). Therefore
by the commutativity of the diagram 4, is an isomorphism, as desired.

We further observe that there is an isomorphism

P Hy(F) = ®@Z~ F)® H,(B?, B"™)
(e}
as H,(BP, BP~1) is the direct sum of copies of Z, one for each p-cell of B. Finally, we claim that there
is an isomorphism
@ Hppq(m “ew), 7 H(0en)) @ H,(

This follows from a technical argument, expanded on in [4], Whereln one uses the hypothesis that
m1(B) is trivial to ensure that the isomorphism between the homology groups of each fiber do not
depend on a choice of path.

Combining the arguments above, we have isomorphisms

@HM @H H,y(F) @ Hy(B?, BP™Y) = H,(B?, BY~*; Hy(F)),

where the rightmost term is precisely the pt" cellular chain group of B with coefficients in H,(F).
One further checks that the map d' is the cellular boundary map, from which it follows that

E2, = HOW(B; Hy(F)).
Since Ej), = Hyyq(E) by Theorem |1.8) this completes the proof. O



This spectral sequence is more than a mere curiosity, and we will see shortly how it allows one to
extract a great deal of information about the spaces F, E, and B in a Serre fibration.

4 Computations and Corollaries

As a first application of the Serre spectral sequence, we will see how the mere existence of a
fibration encodes some information about the spaces involved.

Corollary 4.1. Let F — E = B be a Serre fibration. If B is simply-connected then E is path-
connected if and only if F' is path-connected.

Proof. Let (E",d") be the Serre spectral sequence associated to the given fibration. We note that
E;%q = 0 when at least one of p or ¢ is less than 0, since then we have

B, = Hy(B; Hy(F)),

and H,(F') =0 when ¢ < 0, H,(B; @) = 0 when p < 0 for any group G. Thus the nonnegative terms
of E2, lie in the first quadrant, so we have

E§ o = E5S = GoHy(E).
Moreover, Gp,Hy(E) = 0 for p # 0, for

GPHO(E) = GpHp—p(E) =E,°

p,—p

and if p # 0 then one of p and —p is less than 0, in which case E;°_, = 0. Therefore the filtration on

Hy(FE) consists of only two distinct terms, namely, 0 and Hy(E), and we have
Ho(B; Ho(F)) = Ej , = Ho(E).

Now, suppose F is path-connected. Then we have Hy(F) = Z, and since B is also path-connected
it follows that Ho(E) = Ho(B) & Z, so E has a single path-component. Conversely, if E is path-
connected then Hy(B; Hyo(F)) = Ho(F) = Z, and since B is path-connected Ho(B; Hyo(F)) = Hy(F),
so we conclude that Ho(F') = Z (i.e. F has a single path-component). O

Next, we will derive a few homological results about fibrations involving spheres. In particular,
the Serre spectral sequence gives rise to long exact “transfer” sequences, which allow one to compare
the various homology groups of a given space. If the homology in low degrees is easy to understand,
this will allow us to determine the higher homology groups via induction (which is precisely how we
will later compute the homology of the loop space 25™). The following proof expands on arguments
found in Chapter 5 of [1].

Corollary 4.2 (Wang Sequence). Let F — E =+ S™ be a Serre fibration whose base space is an
n-sphere (with n # 0,1). Then there is a long exact sequence

. dn T
-+ > Hy(F) = Hy(E) = Hy_p(F) — Hy_1(F) = Hy_1(E) — - -
where ¢ : F — FE is the inclusion map (for F' a fixed fiber). In particular, if ¢ < n — 2 then
H,(F) = Hy(E).
Proof. By construction, the Serre spectral sequence (E",d") associated to the fibration 7 has E? page

H,(F) ifp=0,n

E2 = H,(S™ H,(F)) =
pa » o(F)) {0 otherwise



so we see that the spectral sequence collapses on the second page to the columns p = 0,n (that is,
all nonzero terms are contained in these columns). It follows that all terms on subsequent pages
likewise vanish off of these columns, since E;jl is a subquotient of £, and thus d" vanishes for r > 2
unless r = n (for otherwise either the domain or codomain of d” is 0). It follows that E? = EJ and
E;}q+ L= Epq-

n+1 Hy 1 (F)
n—1 H, 1(F()\H1(F)
&\\\\\\%w>
0 » n

The E™ page of the spectral sequence.

Now, since E"*! is the homology of E™, and the only nonzero differentials are given by H,(F) =
ER = Ef gin—1 = Hyyn—1(F), we have
By = ker(d" : Hy(F) = Hgn—1(F))
Egyin—1 = coker(d" : Hy(F) — Hgyn—1(F))

which gives us an exact sequence

0= B, = Hy(F) L5 Hypn 1(F) = EgS 1 — 0.

n,q

On the other hand, we have Ep¢ = G, H, ,(E) for some filtration on Hy,,(E), and for a given total
degree p + ¢ = s we have Ej; = 0 unless p =0, ¢ = s or p = n, ¢ = s — n. Thus the filtration of
H,(FE) has at most a single intermediate term FoH(F) lying between 0 and H,(E), and we have

FOH (E) FOHS(E)

E@g%m(%th() o = Fols(E)
EX,_, =G Hy(E) = H,(E) H,(E)

R”HW_%H@
giving us a short exact sequence
0— Egy — Hs(E) = B, — 0.

n,s—n

Applying the Splicing Lemma (stated in the appendix as Lemma [6.1)) to this exact sequence and the
one above then yields the desired long exact sequence. The second claim follows immediately, for if
s <n —1 then the terms H;_,(F) vanish, whereby the Wang sequence has the form

0=H, (F) % Hy(F) 5 Hy(E) > Hy_py_1(F) =0

forg=s—-1<n-2. O

10



We obtain a similar result via a virtually identical proof, except the spectral sequence instead
collapses to the rows ¢ = 0,n on the E? page (rather than the columns p = 0,n):

Corollary 4.3 (Gysin Sequence). Let E = B be a Serre fibration with fiber S, n # 0, such that B
is simply-connected. Then there is a long exact sequence

dn+1

oo = Hy n(B) = Hy(E) ™ Hy(B) “— Hp_p,_1(B) = Hp_1(E) — - -~

We conclude this section by computing the homology of the loop space of S™ for n > 2, using the
Serre fibration Q5™ — PS™ <% §" described in section 2 along with the preceding corollaries:

Proposition 4.4. The homology of the loop space Q5™ (with n > 2) is given by

H,(QS™) =
» ) 0 otherwise

{Z if n — 1 divides p

Proof. First, we observe that since the path space PS™ is contractible (see section 2) it is in particular
path-connected, so by Corollary [4.1] the fiber QS™ is as well. It follows that Hy(QS™) = Z. Now, let
g > 0 and suppose by induction that we have proven the claim for all p < ¢q. Then the Wang sequence
(see Corollary [4.2)) yields an exact sequence

Hyi1 (PS™) = Hypi1(QS™) — Hy(QS™) — H,(PS™)

and since PS™ is contractible and ¢ > 0 the outermost terms vanish, so Hy_,4+1(25™) = H,(Q2S™).
But ¢ is divisible by n — 1 if and only if g — n 4+ 1 =g — (n — 1) is, so by induction we have

7Z if n — 1 divides ¢
H,(QS") 2 H,_,.1(Q28") =
al ) a=n+1 ) {O otherwise

proving the claim by induction. O

5 Further Topics

Like all good things in life, there is a dual version of the Serre spectral sequence, or more
generally, for cohomological spectral sequences associated to filtrations. Given a cochain complex
with a (decreasing) filtration one can construct a cohomological spectral sequence (E,,d,) with
dre ;. EP4 — EPtTa—r+lwhich will converge to the graded components of the cohomology of the
complex when the filtration is bounded. As discussed in [5], this offers the advantage of a bilinear
product on the complex inducing a product on the spectral sequence, which in turn descends to the
product on cohomology when one passes to the limit page. In particular, in the case of the Serre
spectral sequence for cohomology, one can recover the cohomology ring of the total space of a Serre
fibration. To see this theory developed in detail, see [4].

Another generalization of the Serre spectral sequence enables one to drop the condition that the
base space of a fibration act trivially on the homology of the fibers. In this case, the sequence qu

associated to the fibrations F' — E 5 B converges to H,(B;{H,(F,)}), the p'" homology group of
B with local coefficients given by the local system of homology groups for the fiber F, = 7~ !(z) as
2 ranges over B. This is expanded upon in [3], wherein the Serre spectral sequence is developed in
this more general context, and the version we presented is given as a special case. One can further
generalize by considering H,(F; G) for G some abelian group (rather than fixing G = Z), although
this minor change does not affect any of the theory presented in this paper.

Finally, one can extend the theory of spectral sequences further in the homological direction.
For instance, double complexes (which can be viewed as “two-dimensional” chain complexes) are an
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important object of study in homological algebra, but are trickier to get a solid grasp of than regular
complexes. In particular, one often cares about the total complex of a double complex, which is a chain
complex whose terms are given by the direct sum along the antidiagonals of the double complex (i.e.
of lattice points with the same total degree). It is possible to adapt the theory of spectral sequences
associated to a filtration to study the homology of the total complex of a double complex, and from
here one can generalize derived functors using hyperhomology. So-called “hyper-derived functors” can
be understood using spectral sequences, as elaborated on in [1].

6 Appendix

Throughout the paper, we have banished several results and proofs to the appendix; the reader
who is easily disturbed by excessive index-pushing or homological algebra should exercise caution as
they proceed through this section. Depending on one’s ideology, the appendix can be skipped entirely
and its contents taken on faith.

Several proofs in previous sections required that we assemble an exact sequence by gluing together
shorter ones. In the interest of being entirely above board, we now justify why this seemingly harmless
act is indeed as humane as it appears. The proof is adapted from a similar argument in [3].

Lemma 6.1 (Splicing Lemma). Suppose A — B Sy Cand D % E = F are exact sequences of
R-modules, and suppose further that there is an isomorphism ¢ : coker f = ker g. Then there is an
exact sequence

A-BLoYL DS ESF (1)
where ¢ : C — D is given by x +— ¢([z]), with [z] the image of = in coker f.
Proof. Let « € kert. Then ¢([z]) =0, so z € im f (as ¢ is injective). On the other hand, clearly im f
is contained in ker ), so we conclude that kerty = im f, proving the exactness of at C. Similarly,
suppose y € ker g. Then there exists a unique [z] € coker f such that ¢([z]) =y, as ¢ is surjective, and
thus we find that 1(x) = y, so kerg C imt). The reverse inclusion is clear, for gy (z) = go([z]) = 0

as the image of ¢ is ker g. Therefore is exact at D; exactness at the remaining terms follows from
the hypotheses. O

Finally, we provide a sketch of the construction of the spectral sequence associated to a filtration
below, as promised. Since the proof consists primarily of diagram chasing and verifying a number
of small technical details, we content ourselves by merely outlining the main ideas; a more thorough
treatment can be found in [3].

Proof of Theorem[1.8 We begin by making the following definitions:
Zpy = FpCpiq N 07 (Fper Cpag—1)
By = FpCpiq NO(FprCpigin)
for all r,p,q € Z with r > 0. In words, these modules define subsets of F},Cy 4, with Z7  consisting
of those elements with boundary in F,_,C} 441 and By, of those elements which are the boundary
of an element of F,,Cpiq41. It is easily verified that
0 1 00 0o 1 0
qungq < "'ngq gqu §~-~§qu§qu
and
8( ;+r,q77’+1) = B;qv

and from the definitions we see that Z7 contains Z;j,q-u and B!, so we define

T
ro, qu

pq T r—1 r—1
Zp—l,q+1 + qu
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for each r > 0. We first aim to construct differentials d” which make (E",d") a spectral sequence. Let
n" =Myt Zpg — Ep, be the quotient map. One then checks that
-1 -1 -1 -1
8(Z1:fl,q+l + B;q ) < Z;frquJrr + B;fr,q+rfl’
that is, 0 maps the kernel of 7 into the kernel of n;_, ... 1, so by the universal property of the

quotient there exists a unique map d": B, — Ej_, ., making the following diagram (with exact
rows) commute:

0 iy zZ il E 0

pq pq pq

) )

T T T
00— Tp—nq-&-r—l — Zp—nq-s-r—l T’ Ep—r,q-H"—

where T, = Z;:i a+1 T Bpg L. Consequently we see that d"d” = 0 by attaching another copy of this
diagram (with p and ¢ replaced with p —r and ¢ +r — 1, respectively) with its top row identified with
the bottom row above. Precomposing with 7;, and using the commutativity of the right-hand square
twice we obtain

dd"n" =d"™n"0 =n"00 =0,
and since 1" is an epimorphism it follows that d"d” = 0.

It remains to be shown that each E;q“ is the homology H,,(E",d") of Ep,. A diagram chase
reveals that

r r+1 r o r
qu qu qu Zp—r,q+r—1
|
By nrl i?f
-
T T dr T
v| kerd Ey, E, gir1

|

Hpg(E",d")
Figure 3

commutes, where 7 is the quotient map kerd” — Hp,(E",d"), and p is induced by the universal
property of the kernel. Explicitly,

8(2551) c Fp*T*1Cp+q71 < Fp7r+1cp+q*1

by definition, and since 09 = 0 this in fact shows that
1 +1 -1
8(Z;; ) < Z;fr+1»q+r < Z;fr+1,q+r < TI:*T#H’T*U
so we see that
I (25 = oz ) = 0

by the commutativity of the right-hand square, and thus the restriction of " to Z{,;‘ ! factors uniquely
through kerd” via the map pu.

Now, let v = 7pu, the curved arrow in Figure|3| Additional fiddling with the definitions shows that
Tl = 2y g + By = 23 0 () (imd”) (2)
and that
kery = Z;;l N(n")~*(imd")
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so putting this together we have kery = Trf;‘ L. Moreover, a short diagram chase shows that pu is
surjective, and thus so is v (as 7 is clearly surjective). It then follows from the First Isomorphism
Theorem that

r+1 Zr+l L
H" (E" dr o~ rq — Prq :ET+
) S ey T T B
for r > 0.
For r = 0, we define
Zp_q1 = Fp-1Cpiq

B;;; = 0(Fp-1Cpiq+1)
and define qu using the same formula used to define the remaining pages above. Then

EO _ FpCerq N a_l(FpCZqul) _ chp+q —G.C N
P Fy1Cpig + 0(Fp-1Cpign Fp1Cpiq rer

as 0(0(Fp-1Cpiq+1) C Fp—1Cpiq by hypothesis, so we can define d° to be the induced boundary map
on the quotient complex G,C, that is, such that

d°(x + Fp—1Cpq) = () + Fpo1 Cprg1-
The argument above for r > 0 still holds for » = 0, so that
E;q = Hpq(EOa do) = Hp-l—q(GpC)a

and unwinding the definitions we see that d' corresponds to the map which carries the class [z+F,_1C]
with © € FCpyy, 0(x) € Fp_1Cpyq—1 to [0(x) + Fp—2C], as desired.

To complete the proof, we must show that (E”,d") converges to GpH,14(C). Since the filtration
of C is bounded, we find that for all r sufficiently large F},_,Cpiq—1 = 0 and Fp4rCpigt1 = Cpigti,
SO

Zpg = FpCprqN071(0) = FyCpig Nker(d : Cpiq = Cpig-1)
Bpy = FpCpiqg N O(FpirCpigr1) = FpCpig NIm(0 : Cpygrr = Cpig)-

Thus
F,Cpiqg Nkerd

F,_1CpyqNkerd + F,Cpig Nimd’

Ey =
and if A : ker @ — Hpy,(C) is the quotient map then a simple computation shows that
A(FpCpiq Nkerd) = v (Hpyq(FpC)) = FpHp14(C)

where the equality on the right-hand side is the definition of the filtration on homology given in
Proposition Moreover, one checks that

/\(Fp_le_;,_q Nker d + FpCpJ’_q N im 3) = Fp_alJ’_q(C)’
so if n°° is the quotient map F,,Cp1,Nker & — EJ7 then the universal property of the quotient induces
a unique map
FoH,14(C)

p: B —» —
Fp—al-i-q(C)

making the following square commute:
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FpyCpiqNkerd -, Ex,

|
,\J iP

Fp HP q (C)
FpHp(C) Fp—lH:Jrq(C)

But the restriction of A to F,,Cp4Nker 0 is a surjection, as noted above, as is the quotient map along
the bottom horizontal, so p is likewise surjective. Finally, routine verification shows that p is injective,
and hence yields an isomorphism

B FpHp+q(C)
b pral+q(C>

1%

= GpHp4(0)

completing the proof. O
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